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Global classical solution to 3D isentropic 
compressible Navier-Stokes equations with large 
initial data and vacuum 

Xiaofeng Hou* Hongyun Peng! Changjiang Zhu* 


Abstract 

In this paper, we investigate the existence of a global classical solution to 3D Cauchy 
problem of the isentropic compressible Navier-Stokes equations with large initial data 
and vacuum. Precisely, when the far-field density is vacuum (jo = 0), we get the global 
classical solution under the assumption that (7— l)3-EoM _1 is suitably small. In the case 
that the far-field density is away from vacuum (jo > 0), the global classical solution is also 
obtained when ^(7 — l)ro + jos^ E£ is suitably small. The above results show that 
the initial energy E 0 could be large if 7 — 1 and p are small or the viscosity coefficient 
/i is taken to be large. These results improve the one obtained by Huang-Li-Xin in m, 
where the existence of the classical solution is proved with small initial energy. It should 
be noted that in the theorems obtained in this paper, no smallness restriction is put 
upon the initial data. It can be viewed the first result on the existence of the global 
classical solution to three-dimensional Navier-Stokes equations with large initial energy 
and vacuum when 7 is near 1. 
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1 Introduction 


In this paper, we consider the following isentropic compressible Navier-Stokes system in 
three-dimensional space 

I pt + div(pu) = 0, 

| (pu)t + di v(pu ®tt) + VP = /tAu + (p + A)Vdiv«, x G R 3 , t > 0, 
with the initial condition 


(p,u)\ t =o = (p 0 ,u 0 )(x), x € R 3 , 


( 1 . 2 ) 


and the far-held behavior 

p(x, t) —>• p > 0, it(x, f) —>• 0, as |x| —>• oo, for t > 0. (1.3) 

Here p = p(x,t ) and u = u(x,t) = (ui,U 2 ,us)(x,t) represent the density and velocity of the 
fluid respectively; the pressure P is given by 

P(p) = Ap\ 

where 7 > 1 is the adiabatic exponent, A > 0 is a constant. The constant viscosity coefficients 
p and A satisfy the following physical restrictions 

2 11 

p>0,\ + J±>0. (1.4) 

A great number of works have been devoted to the well-posedness of solutions to Navier- 
Stokes equations. The one-dimensional problem has been studied in many papers, for ex¬ 
ample [3l2ni[23l2IlE3[33EIlE3EI] and so on. For the multi-dimensional case, in the 
absence of vacuum, the local existence and uniqueness of classical solutions are known in 
j23 BU- Matsumura and Nishida in [26] first proved the global existence and uniqueness 
of classical solutions for the initial data close to a non-vacuum equilibrium in some Sobolev 
space H s . Later, the global existence of weak solutions was proved by Hoff mm for the 
discontinuous initial data with small energy. In the presence of vacuum, due to the de¬ 
generation of momentum equation, the issue becomes much more challenging. The global 
existence of weak solutions with large initial data in M. N was first obtained by Lions in [23J 
for 7 > (-N = 2,3), where the initial energy is finite, so that the density vanishes at 

far fields or even has compact support. Later, E. Feireisl, A. Novotny and H. Petzeltov in 
[3 extended Lions’s result to the case 7 > § for N = 3, which include the monoatomic 
gas 7 = A. Jiang and Zhang in mm proved the global existence of weak solutions with 
vacuum for any 7 > 1 for spherical symmetry or axisymmetric initial data. However, the 
regularity and uniqueness of weak solutions are basically open in general. Recently, when the 
far-held density is away from vacuum (p > 0) and the viscosity coefficients p and A satisfy 
the assumption that p > max{4A, —A}, Hoff and associates in |1L, 121 US] obtained a new 
type of global weak solutions with small energy, which have extra regularity compared with 
those large weak ones constructed by Lions ([23]) and Feireisl et al. ( 0 )- 

In spite of the huge amount of work, it is still a major open problem whether or nor 
global (strong) classical solutions exist in three space dimensions for general initial data with 
vacuum. The local existence and uniqueness of (strong) classical solutions with vacuum are 
known in 311 . It seems that one should not expect better regularities of the global 
solutions in general duo to Xin’s results ([39]) and Rozanova’s results ([30]). It was proved 
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that there is no global smooth solution in C 1 ([0, oo); H m (R d )) (m > [|] + 2) to the Cauchy 
problem of the full compressible Navier-Stokes system, if the initial density is nontrivial 
compactly supported ([39]), or the solutions are highly decreasing at infinity ([30]). Xin and 
Yan in [40] improved the blow-up results in |39j by removing the assumptions that the initial 
density has compact support and the smooth solution has finite energy. 

More recently, Huang-Li-Xin in [16] established the surprising global existence and unique¬ 
ness of classical solutions with constant state as far field which could be either vacuum or 
nonvacuum to 3D isentropic compressible Navier-Stokes equations with small total energy 
but possibly large oscillations. Then a natural question of importance and interest is how 
to get a global classical solution for large initial energy. In this paper, we devote ourselves 
to this problem and show that, such a large classical solution to (I1.1M1.3D indeed exists 
globally, when 7 is near 1 or p, is taken to be large. 

Before stating our main results, we would like to give some notations which will be used 
throughout this paper. 

Notations: 


(i) / / = / fdx, 


T rT 

g= gdt. 


J R 3 tl 3 Jo Jo 

(ii) For 1 < l < 00, denote the L l spaces and the standard Sobolev spaces as follows: 

L l = L l (M 3 ), D k ' 1 = {«£ L 1 1 oc (R 3 ) : ||V fc u|| Li < 00} , D k = D k ’ 2 , 

W k ’ 1 = L l n D k \ H k = IY fc ’ 2 , Dl = ju € L e : ||Vu || L 2 < 00}, 

H 0 = {a : M 3 ->• M, ||u||^ = f \Z\ 2 fS \u( 0 \ 2 d£ < 00}. 

(iii) G = (2 fi + A)divri — P is the effective viscous flux. 


(iv) uj = V x u is the vorticity. 

(v) h = ht + u ■ V/t denotes the material derivative. 


(vi) a = cr(t) = rriinjl, t}. 


(vii) Eq = J ^-po|^o | 2 + G(po)j is the initial energy, where G denotes the potential 
energy density given by 

rp P(s) - P(p) 


G{p) ± P 


-ds. 


It is clear that 


G{p) = 


1 


7-1 


-P 


lc(p,p) 


(p~p) 2 < G(p) < c(p,p)(p - pf 


if P = 0, 

if p > 0 , 0 < p < p, 


for some positive constant c(p, p). 

Now we state our main results. One of our main results is the following global existence 
to ( 1 1 . 1 1 ) - (1 1.3 1) with vacuum at infinite {p = 0 ). 
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Theorem 1.1 For any given M > 0 (not necessarily small) and p > 1. assume that the 
initial data (po,uo) satisfy 


ttPoNI 2 + -^~rPo e Ll i (p 0 ,P(p 0 )) € H 3 , 

2 7 — 1 


(1.5) 


o < Po < P, ||Vu 0 ||| 2 <M 


( 1 . 6 ) 


and the compatibility condition 

- pAu 0 - (p, + A)Vdivuo + VP(p 0 ) = po9, (1-7) 

where g G D 1 and p^g G L 2 . Then there exists a unique global classical solution ( p,u ) in 
M 3 x [0,oo) satisfying, for any 0 < r < T < oo, 

0 < p < 2 p, x G R 3 , t > 0, (1-8) 


\p,P) € C([ 0 ,T];£ 3 ), ^ € £°°( 0 ,T;L 2 ), 

< u G C([0, T]; D 1 n £> 3 ) n L 2 (0, T; £> 4 ) n £°°(t, T; £> 4 ), 

G £°°(0, T;D 1 )n L 2 ( 0, T; £ 2 ) n £°°(t, T; D 2 ) n H 1 (t, T; D 1 ), 


provided that 


where 


(7 - 1 ) 3^ 0 


^ A 

< e = mm 



(2C(p,U)) 


V,(4 C(p))- 4 }, 


£3 = min 


(<?£ 7 ) 


-3 


(1<7<|) 


, (C£l] 


2 


(7>|) 


1^2 


£2 


min 


C(p)- 2 ( 7 -l)-ii7 2 -V 


(1<7<|)’ 


c(p)-V?£; 2 “ 


3 
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(1.9) 


( 1 . 10 ) 



Here, C depending on p, M and some other known constants but independent of p, A, 7 —1 and 
t (see (13.711) . ([3.74D ). £ 2 , £7 and £n are defined by ()3.29l) . (I3.53[) and ()3.65|) respectively. 


Now we briefly outline the main ideas of the proof of Theorem 1.1, some of which are 
inspired by [9j and m- The key point of this paper is to get the time-independent upper 
bound on the density p (see (|3.68l) f . and once that is obtained, the proof of Theorem 1.1 
follows in the same way as in m- It’s worth noting that the methods in all previous works 
Gang mg depend crucially on the small initial energy. Thus, some new ideas are needed to 
recover all the a priori estimates under only the assumption ( 11.1011 while the initial energy 
£0 could be large (see (j3.40|) - (j3.54jl ). In fact, the small initial energy could naturally yield 
the smallness of / Q T f K 3 |Vu| 2 , which plays a crucial role in the analysis to prove the time- 
independent upper bound of p. But the smallness of / Q T 3 |Vu | 2 is not valid here without 
the small initial energy. The crucial ideas to overcome this difficulty are as follows: 
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• One key observation is that A\(T) could be bounded by f q 7 1 ||Vrt ||| 2 and some other 
terms, i.e., 


A\(T) < .+ 


(2fi + A) r (T) IIV7 l|2 , C(i-1)E 0 


h Jo 


llVull^ + 




(see (13.101) 1 


Thus, we can close the a priori assumption on A\{T) by the smallness of j ^ 11 [|Vu || 2 2 
instead of the smallness of J Q T ||Vri||^ 2 - And we can prove that Jq^ ||Vu ||| 2 is small, when 
(7 — 1 is suitably small (see (|3.7|) 1. 

• Another new ingredient in the proof is that we can use the smallness of (7 — I^Pq ^ -1 
and the boundedness of f Q / r3 |Vu | 2 to estimate the higher-order terms of Vu as follows: 



and 


o 2 \Vu\ 4 <CNt(2p + X)- 6 / o 2 \\pu\\l 2 \\X7u\\ L 2 + 


<CN%(2p + \) V 2 A 2 2 (T) sup (||Vii ||| 2 )2 / cr||p||| 3 ||Vu||| 2 

0 <t<T JO 


+ ■ 


< ( 2 /r + A) _ 3 /x 4 (7 — 1)^Eq 2 Eq 


(see M - (13071) ) 




1 

2 


< 


3 23 1 

^( 7 -l)Bi?o 24 ^l 

v 3 3 

ps (2p + A) 2 


(see (DD) 


We refer the details to Lemma [3781 

On the other hand, from the proof of Proposition 3.1, we know that it is important to find 
a suitable match for p, (7 — 1) and Eq. That means much more complicated estimates than 
those in png ns] are needed. To do this, we derive some more sophisticated inequalities 
about p (see Lemma 2.2). For more details, please see the proof of Proposition 3.1. 

Concerning the global classical solutions for (ll.ll) - (ll.3l) in the case that the far-field density 
is away from vacuum (p > 0 ), we have 


Theorem 1.2 For any given M > 0 (not necessarily small) and p > p + 1. assume that the 
initial data (po,uo) satisfy 

± Po \u 0 \ 2 + G(p 0 ) €L\ uoGH'nD 3 , (p 0 -p,P(p 0 )-P(p))eH 3 , (1.11) 


0<Po<P, \Wo\\h < E 0 , \\Vu 0 \\ 2 L 2 <M (1.12) 

and the compatibility condition 

- pAu 0 - (p + A)Vdivit 0 + VP(p 0 ) = Pod, (1-13) 
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where g € ZZ 1 and p^g € L 2 . Then there exists a unique global classical solution (p,u ) in 
M 3 x [ 0 , oo) satisfying, for any 0 < r < T < oo, 

0 < p < 2p, x € M 3 , t > 0, (1-14) 


\p-p,P- P(p)) € C([ 0 , T]; Z/ 3 ), Jpu t € L°°( 0 , T; L 2 ), 

< u e c([o, t]-d 1 n zz 3 ) n l 2 (o, r ; zz 4 ) n l°°(t, r ; zz 4 ), 

e L°°(0, T;D 1 )d L 2 (0, T; ZZ 2 ) n L°°(t, T; ZZ 2 ) n ZZ 4 (r, T; ZZ 1 ), 


■ , , 7 (7-l) 3 ^n 4 P r 

provided that -j-— < —— and 

p 3 2 C 


7 - 1)36 + /96 ) E { 


pi 


<£ = min|e 6 ,(2 C(p,M)) ™ g 4 , (4C(p)) 2 | , 


where 


£g = mm 


(c(Eis + Z^ig + Z?2o)) , ^( 7(^18 +-Big + , £ 5 !) 

£5 = min | ^C(Z?i 5 Zii7 + Z?i 6 )^ , £ 41 , 


( 1 . 15 ) 


( 1 . 16 ) 


£4 



ZZere C denotes a generic positive constant depending on p , M and some other known con¬ 
stants but independent of p, A, 7 — 1, p, andt. E 15 — E 21 are defined by (|4.40l) . (|4.62jl . (14.641) . 
(14.661) and (14.741) . 

There are two key technical points in the proof of Theorem 11.21 

(1) The smallness of \\p — p \\^2 plays a key role in establishing the time-independent upper 
bound for the density p. In [9( 4 6 . |43]. the smallness of ||/? — /°||z , 2 is easy to get because of 
the small initial energy. And in the proof of Theorem 11.11 where p = 0 , ||p||i 2 can be small 
when 7 is near 1. But, when p > 0 and the initial energy is large, it seems impossible to get 
the smallness of ||p — even as 7 —>• 1. Based on the elaborate analysis of the potential 
energy density G(p), we succeed in deriving a new estimate to p — p, i.e., 

G(p) =-± 1 [p'r-pr- 1 pr- 1 (p-p)} 

> f(7“ 1 ) _ ^|P-P| 7 " 1 7 \P ~P\ > (7 _ 1)^7 

_ j(7-l )~*\P-P\ 3 , \P~P\ < (7- 1)3, 

which implies the L 3 -norm of p — p can be small when 7 —>• 1 (see Lemma |4.2|) . In fact, the 
Z/ 3 -norm of p — p is weaker than the L 2 -norm in the whole space, when p is upper-bounded. 
Thus, applying the smallness of L 3 -norm of p — p to establish the time-independent upper 
bound for the density p will bring much more difficulties than that of L 2 -norm. 
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frp\ _ 

• Unlike Theorem o the method in obtaining the smallness of J 0 f R3 |Vu| 2 is no 
longer applicable here. To overcome this difficulty, we have to give the estimate of ||tt ||^2 (see 
(14.12D - (14.13f) T This together with some other estimates yields the smallness of / f ^ T) f R 3 | V «| 2 
(see Lemma 14. 3 P . 

• All the estimates containing P — P(p) in the proof of Theorem II.21 can not be estimated 
as the previous way. Hence, some new ideas are needed to recover all the a priori estimates 
under the condition that ||/o — pllz, 3 is small. 

(2) Due to losing the smallness of J Q T f R3 |Vu| 2 and ||p—p|| L 2 , the techniques in (9lfl6|Rf3| 
which are used to close the a priori assumptions on A\(T) and Ai (F) fail in this paper. From 
(14.701) (see Nu) 


(IF, 2 Z I 

Ai(T) < ■ ■ ■ + ^LA}{T)Al(T) + ■ ■ ■ , 

F 

we find that, in order to close the a priori assumption on A\ (T), the bound of A 2 ( T ) should be 
given a higher order than that of 4i(F) (Roughly speaking, we can choose A-fiT) MT) 3 
in the present paper to close the a priori assumptions on 4i(T) and 42(F)). This means we 
could not close them simultaneously. Fortunately, we observe that 42(F) could be bounded 
by the boundedness of 4i(<r(F)) and some other terms, i.e., 

4 2 (F) < C4 1 (a(r)) +.+ CP f\ . (seegaED) 

And we can give a better estimate of 4i(er(F)) compared with 4i(F)’s. This is based on that 
Io (T) ^llV-ullls has a stronger control than J^ T \ cr||\7ii||^ 3 (see (14.561) and (I4.68j) h Therefore, 
to close the a priori assumptions on Ai(F) and 42 (F), the first step is to estimate 4i(er(F)) 
(see (|4.58l) l. Next, we can bound 42(F) in (14.601) . Finally, the estimate of 4i(F) is obtained 
in (14.701) . 

Remark 1.3 This should be the first result concerning the global existence and uniqueness 
of classical solutions to the Cauchy problem for the three dimensional isentropic compressible 
Navier-Stokes equations with large initial energy and vacuum. Compared to these results in 
UW, the thrust of this paper is to remove the condition of smallness on the initial energy. 

Remark 1.4 The results in this paper generalize the ones in m- More accurately, in the 
case of p = 0 and p > 0 , the existence of classical solutions to (EiP-([n are obtained 
respectively; in particular, the initial energy is allowed to be large when 7 — 1 and p are 
suitable small or p is taken to be large. On the other hand, Theorems 1.1 and 1.2 are still 
applicable to the case that initial energy Eq is small for any given 7, p and p. 

Remark 1.5 It is well known that Nishida and Smoller in \29\j proved the Cauchy problem 
for ID isentropic Euler equations has a global solution provided that (7 — 1)T .N.{uo, po} Is 
sufficiently small. This means that when 7 is near 1, one can allow large data, and conversely, 
as 7 increases, one must take correspondingly smaller data. Recently, Tan-Yang-Zhao-Zou 
in \ 3 f | / obtained a global smooth solution to the one-dimensional compressible Navier-Stokes- 
Poisson equations with large initial data under the assumption that 7 is near 1. Soon later, 
a similar result on ID compressible Navier-Stokes equations was obtained by Liu- Yang-Zhao- 
Zou in 1 24 [ ^. These works inspire us to look for the large solution to OI - iDD when 7 is 
near 1 . 
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Remark 1.6 From physical viewpoint, it is very nature to get a global large solution to if 1.1]) - 
m, when the viscosity coefficient is sufficiently large. Note that the coefficients of viscosity 
are only required to satisfy the physical restriction Q in the present paper. 


Remark 1.7 Though the initial data can be large if the adiabatic exponent 7 goes to 1 or 
the viscosity coefficient p is taken to be large, it is still unknown whether the global classical 
solution exists when the initial data is large for any fixed 7 and p. It should be noted that 
the similar question of whether there exists a global smooth solution of the three-dimensional 
incompressible Navier-Stokes equations with smooth initial data is one of the most outstand¬ 
ing mathematical open problems (J^)- Motivated by this, some blow-up criterions of strong 
(classical) solutions to 11 . 11 ) have been studied, please refer for instance to JxgCSlEaEg/ and 
references therein. In fact, for initial-boundary-value problems or periodic problems of com¬ 
pressible Naiver-Stokes equations with vacuum in one dimension, or in two dimensions for 
isentropic flow, or in higher dimensions with symmetric initial data, the existence of global 
large regular solutions has been obtained, please refer to \37V and references 

therein. 


Remark 1.8 In addition to the conditions of Theorem 11.11 and Theorem. [7j| if we assume 
further that uq G G (^, 1]) and replace ||Vuo||| 2 < M with ||wo||/j /3 < M, the conclusions 

in Theorem o and Theorem xm will still hold, and the e will also depend on M instead of 
M correspondingly. This can be achieved by a similar way as in M- 


The rest of the paper is organized as follows. In Section 2, we collect some known 
inequalities and facts which will be frequently used later. In Section 3, we obtain the prove 
of Theorem 1.1. Then the proof of Theorem 1.2 is completed in Section 4. 


2 Preliminaries 


If the solutions are regular enough (such as strong solutions and classical solutions), (11.11) is 
equivalent to the following system 


( Pt + V • (pu) = 0, 

1 put + pu ■ Vii + VP(p) = pAu + (p + A)Vdivu. 
System (12.11) is supplemented with initial condition 

(p,u) |t =0 = (p 0 ,u 0 )(x), x € M 3 , 

and the far-field behavior 

p(x,t ) —» p > 0 , u(x,t) —> 0 , as \x\ —>• 00, for t > 0 . 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


Since the exact value of A in the pressure P doesn’t play a role in this paper, we henceforth 
assume A = 1. Next, we will list several facts which will be used in the proof of the main 
results. The first one is the well-known Gagliardo-Nirenberg inequality (see EH). 

Lemma 2.1 For any p € [2,6],g € (l,oo) and r € (3, 00 ), there exists some generic constant 
C > 0 that may depend on q and r such that for f G H 1 ( R 3 ) and g G L q ( R 3 ) D D 1,r (M. 3 ), we 
have 

'I I/P (R 3 ) <c\\f\\7 (R3) \\vf\\7 { l r ( 2 - 4 ) 


ll5llc ( R3)<C|| 5 ||^|f^||V 5 ||^^, 


(2.5) 
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We now state some elementary estimates that follow from (12.411 and the standard L p - 
estimate for the following elliptic system derived from the momentum equation in (HD: 


AG = di v(pu), gAw = V x (pu). 


( 2 . 6 ) 


Lemma 2.2 Let ( p,u ) be a smooth solution of (12.11) . (12.31) . Then there exists a generic 
positive constant C such that for any p E [2,6] 


pj 

||VG||z,p < C\\pu\\lp, \\Vlv\\ Lp < —\\pu\\lp, 

P 


\\g\\ lp < C 
\\G\\l>< C 

\\w\\ L p < C 


+ A)||Vu||x,2 + ||P — P(p)\\ L 2 

+ A)||Vu|| L 3 + ||P-PG5)|| L 3 


6 —p 

3 p-6 

2P IIH 

1 2 p 

1 L 2 

6 —p 

2 p-6 

“lIH 

1 p 

1 L 2 




3p—6 


_ fc >—p 3p—6 

2p \\Vu\\H \\pu\\ L ? . 


||Vu|| L p < C((2p + A)||Vu|| i 3 + ||P - 
+C\\P - P(p)\\lp + C\\w\\ LP 


o—p 

P 


IIH 


2 p-6 

I p 
IL 2 


(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


and 


6—3 p 


'—p 
2 P 


3 p—6 
2 P 


||Vu||lp < CN p (2p + X) — \\Vu\\^ \\pu\\ L l 


+ 


(J / 3p—6 6 —p 


2p + A 


A\^ \\P-P(p)\\l? +\\P-P(p)\\lp 


( 2 . 12 ) 


where N v = 1+12 + 


3p-6 

A\ 

h) 

Proof. The standard L p -estimate for elliptic system (12.61) yields (12.71) . Using (I2.4[) . we 
obtain 


3p—6 


\\G\\ LP < c\\g\\ l 2 ? \\g\\ l ? < c\\g\\ 2 ? yvcy 


3p—6 
2 P 


A Cl(2p + A)||Vu || L 2 + ||P — P(p)\\ L 2 ) 2P ||pu 


6 -P 3p—6 

2 P II _ • II 2 p 

\ L 2 ’ 


2p —6 


\\g\\ lp <c\\g\\j \\g\\j <c\\g\\j \\vc\y 


2 p —6 

P 


< C 


+ A)||Vu|| L 3 + ||P — P(p)\\ L 3 


6 —p 

p 


2 p—6 

IIHI L 2 P , 


3p—6 


\w\\ LP < c\\w\\$ \\w\\ L l P < C\\w\\$ ||Vrc|| L 2 


3p—6 
2 P 


<C[ — 

.p 


3p—6 


_ 6—p 3p—6 

2p ||Vti || l 2 2 p \\pu\\^ . 


(2.13) 


(2.14) 


(2.15) 


Note that —A u = —Vdivu + V x u, which implies that 

\7u = —V(—A) _1 Vdivti + V(—A) _1 V x uj. 
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Thus the standard L p -estimate shows that 

||Vu|| L p < C(||div It ||LP + ||w||lp) f° r P £ [2, 6 ], 
which together with (12.81) . ( 12 . 101 ) and the definition of G, give 
IIVuIIlp < C 11 div u 11 l,p + C || curl u 11 u> 

< 2p + A (ll^H L! ’ + ^ P ~~ P (p)W L p ) + C|MU P 

<C(( 2, + A)^ + ^)||Vn||J|| H l i ¥ 

+ 2 ^( IIHI ^ W p - P ^\\f + W p - p (P)\\Lp) 

<CN p (2» + \)^\\Vu\ffi\\pu\ffi 
+ 2^ta( II/9 “ i| 5^ \\ p -np)\\f + \\P-P{p)\\l P )- 

Lemma 2.3 ( |45| ) Let the function y satisfy 

y'{t) = g(y) + b'(t) on [0, T], y(0) = y°, 
with g £ C (R) and y,b £ IT 1 ’ 1 (0, T). If g{ oo) = —oo and 

b(t 2 ) - b(ti) < N 0 + Ni(t 2 - h), 


(2.16) 

□ 


for all 0 < t\ < t 2 < T with some Nq > 0 and N\ > 0, then 

y(t) < max{i/°, £} + N 0 < oo on [0, T], 
where £ is a constant such that 


g(€) < for € > £• 


3 The proof of Theorem 1.1 


In this section, we will first establish the time-independent upper bound of the density p. 
Assume that (p,u) is a smooth solution to (ll.ll) - (ll.3l) on K 3 x (0,T) for some positive time 
T > 0. Set a = aft) = iriinjl, t} and denote 


MT) 

< A 2 (T) 

MT) 

< 


sup a f \Vu\ 2 + f 
o <t<T Jr s J o 


sup (J 2 
o <t<T 



p\u\ 2 

P 


+ 



f P\ u \ 

SUP / -77 

0 <t<T J R3 P 6 


p[u\ 2 

a 7 

P 

fj 2 |Vu| 2 , 


(3.1) 


The following proposition plays a crucial role in this section. 
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Proposition 3.1 Assume that the initial data satisfies 111.5]) . (176]) and Q- If the solution 
(p, u ) satisfies 


A l (T) + A 2 {T) < 


2(7-1) 6 ^o 2 (7“ !) 12 £: o 4 


^M^)) < 


0 < p < 2p, (3.2) 


P 2 4 

t/ien /or any (x,t) € M 3 x [0, T], the following estimates hold: 


A 1 (T)+A 2 (T) < 


1 

('y — 1)6 Eli ('y — 1)12 Ed 7 

17 J °-, A 3 (a(T)) < — -{-2-, 0<p<-p, 


1 

P2 


1 

M 4 


provided — ---- < e. Pere 


and 




e = min |e§, (2 C(p,M)) ^p 8 , (4 C{p)) 4 } , 


£3 = min < ( CE-j ) 


3 




(1<7<§) 

^-2/ o-?p-3„5 


1 


\—2 


(7>|) 


5 £2 


£2 = min \C(p) (7 - 1) 3 -E 2 6 pg 


, C{p)-'n*E, 5 


(1<7<|) 


(7>§) 


,ei ? , 


(3.3) 


£1 = mm 


-6 


Here, C depending on p, M and some other known constants but independent of p, A, 7 —1 and 
t (see (13.711) . (13.741) 1. E 2 , Ej and En are defined by (13.291) . (13.531) and (13.651) respectively. 

Proof. Proposition 13.11 can be derived from Lemmas 13.2113.91 below. 


Lemma 3.2 Under the conditions of Proposition 17771 it holds that 


sup f -P < (7 — l)Eo, (3.4) 

0 <t<T Jr 3 

f T [ IV «| 2 < (3.5) 

Jo J R 3 h 

Proof. Multiplying (12.11) 1 by G'(p) and ( 12 . 11) 9 by u and integrating over M 3 x [0,T], then 
using ( 12 .3[) . one gets 

sup [ (\p\u\ 2 + G(p)\ + [ [ (p\Vu\ 2 + (X +p)\divu\ 2 ) < E 0 , (3.6) 

o<t<T Jrs \ 2 J Jo J R 3 


which gives (|3.4I) and (13.51) . □ 

The following is the key a priori estimate which is essential to close the a priori assump¬ 
tions (13.21) . 
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Lemma 3.3 Under the conditions of Proposition \3. A assume further that 1 < 7 < —, we 
have 


'MT) 


f |V «| 5 

J R 3 


< 




E u 


(3.7) 




where E\ = C(p, M) 1 H-j 

V U* J 

1)~ E 

Proof. First, assume that - < 1. Multiplying ( 12 . 11) 9 by u and then integrating 

p 


the resulting equality over R , and using integration by parts, we have 

f p\u \ 2 + [ (p\X7u\ 2 + (A + p)\divu\ 2 ) = [ Pdivu. 
2 at J R 3 , 7 E 3 , 7 R 3 

Integrating (13.81) over [0, cr(T)], using (13.41) and Cauchy inequality, we have 


sup - / p\u\ 2 + 


ra(T) 


0 <t<rr(T) 


— |Vu | 2 + (A + /i)|divu| 


< 


c r (T) 


\ f PoK| 2 + - f 
2 Jr 3 p 7o 


\P\ 


2 ol|P0|| L 3 H^O 11 £,6 + 


2 , C(p)(l-VEo 




<C(p,M)( 7 -l)l4 |i+ ( 7 ^ )3jg ° 3 


(3.8) 


<C(p,M)( 7 - I)*E* 1 + 


1 + ^ 


pi 


(3.9) 


where 1 < 7 < — has been used. This completes the proof of Lemma 13.31 
Lemma 3.4 Under the conditions of Proposition [Ql it holds that 


Ai(T) < 


C(2p + A) 


3 , C 7 




^ll^ll L3 + 


U Jo 


aP\Vu\ 


+ 


C(2p + X) r (T) IIV7 l|2 , C ( 7 — 1 )Eq 




llVtiHl, + 




(T) < CA^T) + ^2! / T / ct 2 |PVu | 2 + C 

U Jo 7 r 3 


A. 


2 U 1 ^ 


2/r + A 
h 


2 r T 


□ 


/o 7 r3 


(3.10) 


<t 2 |Vu| 4 . (3.11) 


Proof. The proof of (13.10[) and (13.111) is duo to Hoff [9] and Huang-Li-Xin [16]. For m > 0, 
multiplying ( 12 . 11) 9 by o m u 1 integrating the resulting equality over R 3 , we have 


G 


1 p\u\ 2 = f (—o m u-X/P + po m Au-u + (X + p)o m Vdivu-u) 
J R3 
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(3.12) 


= I> 

2=1 

Integrating by parts gives 

h = - [ a m u ■ VP 

J R 3 

= f (7 m divu t P + I a m div(u-\7u)P 
J R 3 Jr 3 

= 4- [ cr m divuP -ml <r ro -VdivuP 

dt J R3 Jr3 

- [ a m divuP'p t + [ a m div(u ■ X7u)P 

J R 3 Jr 3 

<( f a m divuPj - ma rn ~ 1 cr' [ divuP 

\J R 3 J t JR 3 

+( 7 -l)fj m / P|divtt| 2 + C f <r m P|Vu| 5 
Jr 3 Jr 3 

h = [ pcr m Au ■ u 

Jr 3 

= — f fia m Vu ■ Vut + [ pa m Au(u ■ Vu) 


<-£(/ ^ m |V«n+^a m -V/ |W| 2 + C> m / |Vu| 3 (3.14) 


™|V7,.|2 1 i m —1 / 


and 


Is = j (A + /i)<7 m Vdivu • it 


< - 


/r + A 


<7 


f Id: 

Jr 3 


2 \ m(/i + A) ! , 


iv«r I + 


<7 m V' / |divit|' 


(3.13) 


2 V 4r 3 / + 2 

+C(n + \)a m f |Vit| 3 . 

Jr 3 

Substituting (|3.13l) - (|3.15l) into (13.1211 shows that 

4 (f^llVulll, + ihtd^lldivalll, - a™ divup) + Ol* 

< f divuP + Cy f a m P\Vu\ 2 + C(2p + X)a m l |Vu| 3 

Jr 3 Jr 3 Jr 3 


(3.15) 


+ 


m( 4/i + 3A) i , 


f |Vu| s 

Jr 3 


(3.16) 


Applying (13.40 . integrating ()3.16ll over (0, T), we get 

1 2 , (^ + A 1 ) 


sup (ju m ||V U ||l, + iliAu’"||diva||'iA+ / [ a™p\u\ 
o<t<T V 4 2 J Jo Jr 3 
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< 


c(i-i)e 0 , ^ r (T) 


P 


+ <7 


) r 

/ / w 

Jo Jr 3 


ivu + 


m(4/x + 3A) 


r [ iv«p 

Jo Jr 3 


< 


+(7(2// + A) [ a m [ |Vit| 3 + (37 — 2) [ [ a m P\Vu\ 2 

Jo Jr 3 Jo Jr 3 

C( 7 - 1)* + c(2 ^ + A) r (T) || Vu ||2 a + c(2/i + A ) f T fj m f |Vu| s 

Jo Jo Jr 3 


P 


+C 7 / / u m P|Vu| 2 . (3.17) 

Jo Jr 3 

Choosing m = 1, one gets (13.101) . 

Next, for m > 0, operating a m u :i [<9/<9i+div(u-)] on (12.11) J. summing over j, and integrating 
the resulting equation over R 3 x [0, T], we obtain after integration by parts 

r T 


sup (V/ pN 2 )-y / [ p\u\ 

<t<T \ * Jr 3 / ^ Jo Jr 3 


0<t<T 
rT 


- [ [ (T m u j [djP t + div(djPu)] + p [ [ a" 

Jo Jr 3 Jo Jr 3 

+(A + p) f [ cr m u J [didjdivu + div(u<9jdfvu)] 
Jo Jr 3 

3 


Auj + div(uAu- ? ) 


(3.18) 


Z— 1 

Integrating by parts leads to 

rT 


Ih = ~ 


[ [ a m u j [djPt + di v(djPu)\ 

Jo Jr 3 

[ T [ a m 8 j u j P t + [ T [ a m d k u j (d j Pu k ) 

Jo Jr 3 Jo Jr 3 

— f f <r m divuP' (pdlvu + u- Vp) + f f a m divud\vuP 

Jo Jr 3 Jo Jr 3 


/ T / 

Jo Jr e 


(T m divuu ■ VP - 


n 

Jo Jr e 


< 


< 


Ih = P 


a m d k w > djU K P 

JO JR J 

C 7 / [ cr m P|Vh||Vu| 

Jo Jr 3 

J [ T [ u m |Vu | 2 + ^ [ T [ a m \PVu\ 2 , 

4 Jo Jr 3 P Jo Jr 3 

[ [ a m v? Au{ + div(uAu J ) 

Jo Jr 3 l 


(3.19) 


= ~P 


f [ a m \d t u 
Jo Jr 3 


u J '| 2 + /t 


(7 


/o Jr 3 


m diu j di(u k d k u j ) 
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< - 


< - 


< - 


-p f f a m dkU^di{u k diU^) — p [ f (J rn dkv?d,u k d % u? 

Jo J R3 Jo J R3 

p f [ a m \Vu\ 2 + Cp [ [ a m \Vu\\dwu\ 2 + C^ [ [ cx m |Vu||V 

Jo Jr 3 Jo J k 3 Jo Jr 3 

p[ [ a m \Vu\ 2 + Cp [ [ <7 m |Vu||Vu| 2 

Jo Jr 3 Jo Jr 3 

[ T [ cr m |V'u| 2 + Cp f T [ (j m |Vn| 4 . 

4 Jo Jr 3 Jo Jr 3 


(3.20) 


Similarly, 


Ih < ~ 


/i + A 


[ T [ cr m |d: 

Jo Jr 3 


ivu| 2 


+C (p + A) ( 1 H— 


Av Jo 

Substituting (13.19H - d3.21h into (13.1811 shows that 

r rT r 


a m \Vu\ 4 + f 


'o Jr 3 


a m \Vu\ 2 . 


(3.21) 


sup cr m / p\uf + p 
o <t<T Jr 3 


< 


|Vu | 2 + (p + A) [ f cr m |divu 

Jo Jr 3 

C f [ p\ii \ 2 + 9jL f 1 [ a m \PVu\ 2 

Jo Jr 3 P Jo Jr 3 


I o Jr 3 

2 l‘T 


+ 


C{ 2p + \) 


2 rT 


A 4 Jo 


f a m \S7u\ 4 
Jr 3 


(3.22) 


where (II. 4H has been used. Taking m = 2, we immediately obtain (13.1111 . The proof of 
Lemma 13.41 is completed. □ 

Lemma 3.5 Under the conditions of Proposition [PI it holds that 


0<t<a(T) . 


sup t 


|Vu | 2 + 

ra(T) 

j pi “ |2 < a, 

(3.23) 


Jo 

Jr 3 P 


P\u\ 2 ! 

ra{T) 

[ t Vu 2 < E 3 , 

(3.24) 

P 

to 

' R 3 



A 

= £i- 




o <t<a(T) JR 3 P 

. , , ( 7-1 

provided - T -— < mm 

P 5 

Proof. First, we assume that — - ——- < 1. Multiplying m-2 by ut , integrating the 


resulting equality over R 3 and using (12.71) . we have 

-||divu || 2 2 — / divuP ) + / p\ii 

Jr 3 J Jr 3 


1 fl|Vttfe + L±^ 


/ pu(u ■ Vu) 
Jr 3 


di vuPt 
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< C(P) [ I p\u' 2 
C(p) 



p\u \ 3 ) ||Vii || L 6 + / divudiv(Pii) + (7 — 1) / P|divu| 


< 


p\u 


■ 12 



pH 



< 


2 fi + A 

— [ Pu ■ Vdivu + C(p )(7 — 1) [ |V «| 2 

J R 3 J R 3 

c(pMcn 6 + 1 ) 


+ i)IIp^IIl 2 + II-P||lb) 


2/i + A 
1 ( 


pH + 




Pl*f A|( C t(T))||P|| l6 


2p + A 


Pu • VG + 


1 


2(2/i + A) 


2/i + A 

divuP 2 + C(p )(7 - l)||Vu ||| 2 


< C(p) ( / pH 2 ) A~i(a(T)) +C{p)Ai{a(T))\\P\\l 6 +C(p)( 7 - l)||Vu||i 2 

C 


+ 


c; 

2/i + A 


l|P||L3||V«|| i2 || / 9«|| £ 2 + 


2/1 + A 


(Iiv«ni 2 + i|p|ii4) 


< <?(/>) / p|h | 2 ^IKT)) +G(p)A 3 3(a(T))(7- l)aP 0 3 +G(p)(7- 1)11 Vn||i 2 


+^ll^lli 2 + - 1 ) f 4HV«||i 2 + + 7 ^t( 7 - l)^o 


C(p) 


C 


c-(p) 


(2/i + A) 2 w ' ' 2/i + A"'”"^ ' 2/i +A 

<<?(/>)( / p|ii|A4(^)) + C(p)4wr))(7-l)^4+^)(7-l)l|Vii||| 2 


1 , 


+4 II\/p«IL2 + (2m + a)2 
+4-^l(7-l)£o, 


C(P) ( 7 - l)lp|||Vn||l 2 + ^HVulli, 


2/i + A 


2/i + A 

where we have used (12.1211 . Integrating (13.2511 over (0, u(T)), we obtain that 

(A + / 1 ) 


(3.25) 


sup { 7 IIV 11 HI 2 + ^ H ' > Hdivn ||| 2 — / divnP [> + 

0 <t<tr(T) l 2 


1 r<^(T) 

2 ,/n 


/ P|«| 

Jr 3 


< 


1 , 1 /■o-('T) 

C(p)A|(a(T))( 7 -1)3^3 +G(p)( 7 -1) / ||Vzi||?, 2 

J 0 


+ 


+ 


<?(?) 


(2/i + A) 2 

C(p) 


2 2 /*o-(T) 

(7-l)3P| / ||Vu ||| 2 + 

Jo 


C r (T) 


2/i + A Jq 


l|V «||| 2 


2/i + A 


(7 - 1)P 0 + Cp,M, 


(3.26) 


, , ( 7 - l)sP n 2 
provided 1- T -— < 

PP 

3 

Case 1: 1 < 7 < -. 


-6 
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Using (l3.7D . we get 


1 rv( T ) 

sup {\\Vu \\ 2 L 2 + (A + /x)||dmx||| 2 } + - \ 
0<t<er(T) P JO 


f P\ 

J R 3 


u\ 2 < E\, 


(3.27) 


where 


C{ 7-1)1 , C{ 1 -l) 1 iE 1 , (7(7 -1)1^1 , C( 7 -l)^i , C( 7 -l)t , ^ 

E 2 = - 2 -1-4-1- 8 - 1 -7-1---r t/M, 


h 3 


4 

^3 


M 3 


M 3 




(7 — 1)3 Eq 

and we have also used the facts that --< 1 and /x + A > 0. 




Case 2: 7 > 

Using (l3.5j) . we have 


X / ,<T (' r ) 

sup {||Vu |||,2 + (A + /x)||dmx||| 2 } + - / 
0<t<cr(T) T 1 jo 


/ H 

Jr 3 


h | 2 < i? 2 , 


(3.28) 


where 


i 2 _C( 7 -1)9 C( 7 -l)3 , C ( 7 — 1)9 , C , C( 7 -l)3 


Ei = 


2 + 
jji 3 M 


+-I— + 72 + 

/X 3 M 




+ CM. 


Combining (I3.27h - (j3.28jh the result leads to (13.231) . where 

i ?2 = max | C). /s 2 1 . 

Taking m = 1 and T = <r(T) in (13.221) . we obtain that 


(3.29) 


<7 


ra(T) n /-o-(T) t- 

p\u\ 2 + p / / cx|V?x | 2 + (/x + A) / / er|divti| 

io it 3 io 7 r 3 


C7 2 /■ cr ( T ) f 0 

pE’2 H —— / / ct|PVxx | 2 + 

P Jo Jr 3 


< 


C(2/x + A ) 2 
M 7o 


u| V?x | 4 


< /jT 2 + 


C 7 2 / f+ T ) 


P l 


+ 


h \Jo 

<7(2^ +A) 2 H 7 ) 



r(T) 


I a 2 \S/u[ 
J R3 


M 


/■°V j r 

/ / *|V «| 4 

Jo Jr 3 


< /jT '2 + 


C 7 2 (7-l) 3 ^ , C' 7 2 (7-l)^2 3 


5 

/x 4 


+ 


7 

/X 4 


+ <7 2 + 


AA 2 / , ( 7 -l) 3 i?| 


M / \ /x 2 


T- + 


3 

/X2 


< 

where 


(3.30) 


E-i = T 2 + 


C7 2 (7-l)3i?| C 7 2 (7-1)TE| 


9 

/x 4 


+ 


+ <7 2 + 




\\ 2 El , (7 — 1 ) 3 -E?| 
/v \ /xt 


+ 


5 

/X 2 
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To get (13.301) . we have used the following estimate 
r *(T) 


/ / <r\Vu\ 4 

JO J R 3 


r(T) 


< sup ||V «|| L 2 / a\\Vu\\ 3 L 6 

o <t<rr(T) Jo 


— E'2 


i f (4/x + A) 


a 


(2 n + A ) 3 ^ 3 


lIHli* + 


I Pll 3 

I-Hips 


CEl 


< 3 

P 0<t<a(T) 


na(T) 

sup cr||/?u || L 2 / ||ph ||| 2 + 

tco-m Jo 


(2yU + A) 3 / 

2 , C£?|(7-1)M 




- ^ 


(fj,A 2 (T))'* p,E 2 + 


^ 1 ( 7 - 1)3 


5 

/i 2 


CEl , Ci?! (7-1)* 


< 3 

P 2 


+ 


5 

/i 2 


/ \ 

due to Holder inequality, (|2.12l) . (13.21) . the facts that —-- < 1 and \x + A > 

proof of Lemma 13.51 is completed. 

Lemma 3.6 Under the conditions of Proposition HOI we have 

f pW 2 


to Jr 3 P 


<C(E 2 + 1 ), 


sup / |Vu | 2 + 

<t<T J R3 

P|u|2 +/ r / cx|VLt| 2 < C(Ez + 1), 
JO JR 3 


sup <7 
0<t<T JR 3 P 


. , , ( 7 - l)^EJ 

provided -j-— < E\. 

P 3 


Proof. By ( 13.21) and Lemma 13.51 we immediately get Lemma 13.61 

Next, we will close the a priori assumption on A^(T). 

Lemma 3.7 Under the conditions of Proposition LOl it holds that 


M<T)) < 


(7 — 1) & Eq 


P‘ 


provided 

(7-l)«4 


P 2 


< min <| C(p )-'\7 - 1 )“ 3 L ;- 3 ^ 5 




c(p)-V ^ 2 1 


(7>|) 


j e l 


A 

= £ 2 - 


(3.31) 

0. The 
□ 

(3.32) 

(3.33) 

□ 

(3.34) 

> 

(3.35) 


18 






















Proof. 


Case 1: 


1 < 7 < 


3 

2 


M {a{T)) = sup f 

0<t<a(T) J R 


p\u \ 3 1 


, „ 3 “ - ^3 su p IIpIIl 2 IpIIl6 

0<i<<r(T) JR 3 h A 1 0 <t<a(T) 


< -i)W4 


< 


(7 — 1)6 E { 


1 -l X 5 


1 


(7 — 1 ) 6 E <? _ _2 _o c 

provided -- T -— < C(p)('y — 1) 3 £ 2 p , where we have used Holder inequality, 

h 2 _ 

inequality and Lemma 13.51 


Case 2: 7 > 

- 2 

Using Holder inequality, (13.61) . (13.231) and 2(7 — 1) > 1, we obtain 


A z{o{T)) = sup 

0 <t<a{T) 


SUD n„i 11I ||„|il 

^ - m 3 „<gr (T ) " i2 " IIl * 


3 3 


< 


C(p)( 7 -1)4^H| 




< 


( 7 -1)®4 x 2 

1 

i i 2 


provided 


( 7 — 1)5 Efi 


9 —i 


1 

p 2 


< C(p)p*E 2 


Lemma 3.8 Under the conditions of Proposition HOI it holds that 

(7-1 )*4 


A!(r) + A 2 (T) < 


1 

h 2 


provided 


( 7-1 )*E 2 
1 

p2 


< min < ( CE 7 ) 


\—3 


(1<7<|) 


, (CE U 


N —2 


(7>1)' 


) ^2 f £3, 


where £7 and £n will be determined in (13.531) and (|3.65p . 


Proof. First we assume that —---- < 1. It follows from Lemma 13.41 that 


A 1 (T) + A 2 (T) 

/ Ch-1)E 0 C(2p + A) 

_ o ' 


l l 


2 pT 






[ [ ^ 2 |Vn| 
Jo J R 3 


4 C( 2 p + A) 


+ 




[ o’llVnH 
Jo 


3 

L 3 


(3.36) 

Sobolev 


(3.37) 

□ 


(3.38) 
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+ ^/ 7« 2+ -/7 

Jo Jr 3 P Jo Jr e 


trP|Vu| 2 + C' 


2 " + ^ rw 


M 


< C( 7 -l) E Q + ^ fJt 


M 


(3.39) 


i—4 


Now we give the estimates of 1/4 — //§ in the following two cases. The subsequent estimates 

3 3 

proceed with different techniques for 1 < 7 < — and 7 > —. 

3 

Case 1: 1 < 7 < -. 

For II 4 , due to (|2.12l) . we just estimate / / cr 2 |V-u | 4 as follows: 

Jo Jr 3 

[ T [ a 2 \Vu \ 4 < CfV 4 4 (2/i + A)" 3 /4 2 ||H| 3 2 ||V.|| l2 
Jo Jr 3 Jo 

+C(2/i + A) 4 f ct 2 ||/3'u 
Jo 

r1 

+C(2/i + A) 4 

Jo 


3 U IIl 2 Ik IIl 2 


n- 2 ll Pll 4 

Ip IIl 4 


= E In ‘■ 

i =1 

Using Holder inequality, (13.2H . (13.411 and Lemma 13.61 we have 

IIIi < CNf(2n + A ) -3 sup (o- 2 ||H|! 2 )5 [ c’IIHIl 2 II Vu IIl 2 

0 <t,<T Jo 


(3.40) 


<CiV 4 ( 2 ^ + A)-V4(r) sup (||Vn||| 2 )i / 4 ||p||| 3 ||V,H 2 i2 

o<t<T Jo 

< CNt( 2/x + A)“V4 (T )( 7 - 1)14 (P 2 + l) 5 (p.3 + l) 

< CA^(2/i + A)“ 3 /i2(7 - l)t^ (p 2 + l) 5 (4 + l) ■ (3.41) 

Next, it follows from Holder inequality, (|3.2I) . (13.41) and Lemma 3.6 that 

IIh<C{ 2/i + A )^ 4 sup (o- 2 ||ptt ||| 2 ) 2 f <j||/?ii||^ 2 ||P||l 2 
0 <t<T Jo 

<C(2/i + A)“ 4 44(T) sup ||P || i2 F a\\p\\ 2 L 3 \\Vu \\ 2 L2 

0 <t<T Jo 

< C( 2/t + A)- 4 /i 2( 7 - 1 )f (e 3 + l). (3.42) 

Thus, one gets from (12.81) . (|3.41jl and (13.421) that 

[ A\G\\ a l , < c((2/i + A)||Vu|| L 2 + ||P|| l2 )||H| 3 2 
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< C( 2/i + A )//4 (7 - 1 ) 4^12 ^2 + 1 ) ( E 3 + 1 

+C/i5( 7 -l)Ip o ^(p 3 + l) 

< (2/i + A)/xS(7- 1)!p o 12 P 4 , 


(3.43) 


where E 4 = C [E 2 + 1J ~ (^3 + 1J + < 7(7 — 1) 3 p 2 ( p 3 + 1 ). Here we have used the facts 
(7 — 1)3 En 

that --< 1 and /a + A > 0. 


A* 

To estimate U/ 3 , one deduces from (I2.1[) i that P satisfies 

Pt + u- VP + 7 Pdivu = 0. 


(3.44) 


Multiplying (13.441) by 3 a 2 P 2 and integrating the resulting equality over R 3 x [0,T], one gets 
that 


37-1 f 
2/r + A Jq 


/T 2 II Pll 4 
a It IIl 4 


= -° 2 \\P Ilia +2^' 


3 37 — 1 


I pip _ 

H IIl 3 


2 /a + A 


cr 


p 3 g 


<C1IPII£ 3 + 


37-1 


C(3 7 - 1) 


4 /a + 2A _/q 

The combination of (13.431) with (|3.45l) implies 

fT 
'0 

< (2/a + A )(7 - l)tP 0 12 /if P 5 , 


_2 11 nil 4 , '- y V°7 -*7 f 2 11 /—* 11 

17 l|P|ll ‘ + J 0 ° l|G|1 


4 

1,4- 


/ 


AT 


|P|lx ,4 ^ C(2/i + A )(7 — 1)Pq + C(2/i + A)/r 4 (7 — 1)4PQ 1 "-^4 


3 it 1 


where P 5 = ( 7(7 — 1) 9/a s + CE 4 . 

Substituting (13.411) . (13.421) and (13.461) into (13.401) shows that 


[ [ (7 2 |Vu| 4 < (2/r + A) 3 /i 4 ( 7 -l) 

JO J R 3 


where Eq = CN^E^ + CE 5 . Thus, 


IIa = c 


2/i + A 


2 r T 


-l)fP 0 12 P 6 , 


2| V7 „,|4 < ( 7 - 1) 4 P 0 12 P 6 


[ (T 2 \X7u\ 
J R 3 


( 2 /i + A )/i 4 


To estimate 1 / 5 , using Holder inequality, (13.51) and (13.471) . we have 


Ih = 


< 


C(2fi + A) 

C(2/i + A) 


fj||Vii|| 


3 

L 3 


r 

1 0 ./R 3 


I., 2 ) 2 a X 3<t2|v< 


(3.45) 


(3.46) 


(3.47) 


(3.48) 
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< c 


( 7 -l) 8 £ 0 24 £f 
11 1 
fl 8 (2 fl + A) 2 


For IIq, using Holder inequality, (|3.46l) and (|3.47l) . one gets 


Ih = 


C± 

V 2 Jo 


a 2 \PX7uf 


(3.49) 





a 2 \P\ 


0 J R 3 



0 J R 3 


a 2 \Vup 


< 


c 7 2 44(7-i) f £, 


11 

12 

0 


/x 4 ( 2 /x + A) 

It holds from Holder inequality, (13.51) and (I3.46[) ~ (I3.47|) that 

II 7 = ^ f [ crP|Vu | 2 
A 1 4o 4 r3 


< 


< 



(j 2 |Vu| / 



0 j R 3 


|Vup 


n l 

fl 8 (2 fl + A) 2 


Finally, relations (|3.7j) . (13.391) and (|3.48j) - (|3.51j) give rise to 

, n 


3 ± 


MT) +a 2< t) < + c Ar 1),£ "f° 

M (2/x + A)/u 4 /xs(2/x + A) 2 

11 o 11 II o 23 

, C 7 j F 5 3 ^(7-1)^o 24 


+ 


+ 


+ 

/x 4 ( 2 /x + A) 

C(2/x + A)( 7 - 
/x 2 


/x 8 ( 2 /x -(- A ) 2 


where 


F 7 = 


< C I (7 I Er, 

M 2 


( 7 _ 1 ) 3 1 ( 7 -1)9^6 , (7-1)isF; 6 2 | (7 — 1)9 Eg Eg 

I II I 11 I 11 


+ 


M /x 

7(7- 

n. 

/X 12 


n_ 

/X 12 




1 1 

4 


+ 2 + 


A A (7 — 1)9£ , 1 


M 


M 3 


(3.50) 


(3.51) 


(3.52) 


(3.53) 
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and we have also used the facts that 
(13.5211 that 


< 1 and /i + A > 0. It thus follows from 


(7 - 1)1 Eq 


4 


4i(T)+4 2 (T) <C 



(3.54) 



V 2 
3 


Case 2: t > 

- ? 

In view of (13.401) . one gets 



For III\, using (|3.2D and Lemma 13.61 we have 




< CiV 4 4 (2 M + X)~^^a\{T)Ai{T){E 2 + 1)3 


< CNf(2/jL + A) _ 3 /i2 (7 — 1)^E^(E 2 + 1)3. 


(3.56) 


It follows from ()3.2[) . (13.41) and Lemma 13.61 that 



< c(2 M + A)- 4 /xt(7- i)If;J(f; 2 + i)2. 


(3.57) 


Thus, one gets from (12.81) . (I3.56|) and (13.571) that 



(3.58) 


where 



(3.59) 


Using (13.451) 




0 
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< <7(2// + A)^4( 7 - i)E* E£n 4 + (3 7 - l)( 7 - l) 4£ 8 

< C(2fi-{-\)[i* ('y — 1 )Eq E^h 4-|- 24(37 — l )Eg 


< (2// + A )// 4 (7 — l)i?Q Eg, 

where Eg = Cfi ~ 3 + C (37 — 1)Eq. 

Substituting (13.561) . (13.571) and (13.601) into (13.551) . we get 

[ T f a 2 \Vu\ 4 < ( 2 n + A)’ 3 //! (7 - £ 10 , 

Jo Jr 3 

where E\g = CN£(E 2 + 1) 2 + ( 7//2 (7 — 1 ) 3 (_E 2 + 1) 2 + C(j — 1)4 Eg. Thus, 


(3.60) 


(3.61) 


Ih < C 


^ 2 /r + A^ 2 / 


J (2/x + A) 3 /i4( 7 - i)i^ 0 4 £; 10 




< 


C( 7 - 1 ) 4 ^ £ 10 
//4 (2fi + A) 


Using the same spirit of deriving (I3.49I) - (I3.51I) . we obtain 


// 5 < 


< 


Ih < 


II 7 < 


(7(2// + A) / E 0 \ 2 




C( 7 -1)^14o 


+ A) V(7-l)4£ 0 4 ^ 10 


9 1 

/i»(2// + A) 2 


C 7 2 (7 7 1 )^q I £J^ 

// 4 (2/z + A) 

< 77 ( 7 -1)^444) 

9 1 5 

//s (2// + A) 2 


(3.62) 


(3.63) 


(7(2// + X)Eo <7(2// + A)(7 — l)i?o 

l-<8 < -5- < -5-• 

// z n z 

Consequently, after a bit tedious but straightforward calculation, relations (13.71) . (|3.39l) 
and (|3.63l) give rise to 


M T) + MT) < C <4-7 E ° + C(7 : 1 )^,^l. + c( 7 - 1).^ 


2 

10 


., 2 / 


/i 4 (2// + A) 


9 1 

//s (2/z + A) 2 


Cf( 7 -l)IW( 0 , C 7 (7-1)*4 ^^o 

I K I 


+ 


/i 4 (2/z + A) 
C(2fi + A)(7 — l)Eg 


9 1 

// 8 (2/i + A) 2 




< <7 


(7 -l) 5 E* 


E 11 , 


M 5 


where 


„ (7—l)i , U 10 , El , 7 2 (7-1)I^|^o , 7(7 — l)®-®9 -S'io 

-^11 1 ' 3 ”r 3 ' 3 

I- 1 I 1 ft 4 // 2 // 4 


(3.64) 
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+ (2 + £)( 7 -l)i 


(3.65) 


1 (7 — 1)3 Eq 

Here we have used the facts that - 7 - < 2, - < 1 and /i + A > 0. It thus follows 


from (|3.64|) that 


7-1 




A 1 (T) + A 2 (T) <c 


(7-1)^4 x 2 

1 -iA 


E 11 < 


(7-1 )*El 


(3.66) 




provided 


(7 1 \ &E ° < ( CEu )" 2 . 


M 5 


By (|3.54p and (13.661) . for Case 1 and Case 2, we conclude that if 

(7-1 )*4 J^z^-3 




< min < (CE 7 ) 


U<7<§) 




2 


(7>|) 




then 


AiCH + AaCT) < 

The proof of Lemma 13.81 is completed. 


(7 - l)eEl 

1 

fE 


(3.67) 


□ 


Next, we will derive the time-independent upper bound for the density p. The approach 
is motivated by Huang-Li-Xin in [T 6 j and Li-Xin in 


(3.68) 


Lemma 3.9 Under the conditions of Provosition 17771 it holds that 

7 p 


sup HpHloo < 

0 <t<T 4 


for any ( x,t ) € M 3 x [0, T], provided 


(7 — 1 -) 6-Eq 
1 

U 2 


< min 


in|e 3 ,(2 C{p,M)) “/r 4 , (4C(p)) 2 } = e. 


Proof. Denoting Dtp = pj + u ■ Vp and expressing the equation of the mass conservation 

( 11 .ip 1 as 

E>tP = g{p) +h'{t), 


where 


tip) - -4tt. HO - 1 


f 

■Jo 


pGdr. 


2p T A 2/r T A ,/q 

In accordance with Lemma l2Tl (12.71) . (12.81) . (13.11) and Lemma [3781 for all 0 < ti < t 2 < <t(T), 
we get 

(T) 


/•°V j 

| 6 (t 2 ) - &(*i)l <C W(pG)(-,t)\\ L °°dt 
Jo 
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< 


< 


cm 

2fi + \ J 0 

cm r 

2p + A J 0 


r*(T) 


\\G(-m\\i 6 \\vG(-m\\hdt 


(T) 


\\pu\\l 2 \\Vu\\l 2 dt 


< 


< 


< 



t\\\/u\\ 2 L2 dt 


C(p,M) 


2/i + A 0 <t<a(T) 


sup {\\pu\\ 2 L 2 t) 


r a(T) 


(\\pu\\ 2 L 2t)U *dt 


& ( r< T ) 


< 


< 


C(p, M)p i6 

2 ^+a yj 0 

C(p,M) 




16 ( r°( T ) 8 \ 16 

t 9 dt \ 



0 


3 

P 4 


-Ami t))* 


< 


C(p,M) /(7-lK\n 


3 

pi 


P‘ 


(3.69) 


(7—1)5 EZ 

provided 1-j- < £ 3 . Therefore, for t G [0,<r(T)], one can choose Nq and N\ in Lemma 


1 

P 2 


12.31 as follows: 


and ( = 0. Then 


Thus 


Ni = 0, N 0 = 


C(p,M) / ( 7 - 1 ) 6 ^ 


3 

1 \ 16 

2 
0 


3 

M 4 


1 

M 2 


5 (C)= “^fA- _iVl = 0 f ° r aU C -^ = 0 - 


sup \\p\\l 00 < max < p, 0 ? + JVo < p + 

0 <t<a(T) 1 > 


C(p,M) [ ( 7 -I )*E$\ W ^ 3 p 


3 

pi 


< 


P 5 


(3.70) 


provided 


(7-1)1^ 


< min 


P 5 


in{e 3 ,(2 C(p,M)) *V} • 


(3.71) 


On the other hand, by virtues of Lemma l2.ll (12.71) . (13.11) and Lemma [3781 for t G [<r(T),T], 
one deduces that 


|&(i2)-6(*i)l < 


Cjp) 

2p + X J tl 


FwgmWl* 

J £1 


dt 
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1 


C(p) 


<— fe-‘i) + 2^Tx/ (T) ll G ll 4 


< 


< 


< 


< 


te-M + C(?) fT »'’»» 


2/i + A J ct (t) 


2 /x + A 
1 

2/x + A 
1 

2// + A 
1 

2/x + A 

r 

^ + A 7<t(T) 


L°° 


IIG'lliellVGII 


2 

1,6 


+ [ T HVG||| 2 ||Vn||| 2 

2 P + A -MT) 

(^2 - ii) + 0 .. ( ^ [ \\pu\\ 2 L 2 \\Vu\\ 2 L2 


2/i + A J CT (r) 


|V «||| 2 


< 


1 


(t 2 -i 1 ) + C'(p) 2 4|(T) 


< 


2/x + A 
1 

2/x + A 


(t 2 - h) + C(p) ( 


^/( 7 -1)6^x2 


P‘ 


(3.72) 


provided 


(7 -1)^| 


< £3- 


P 2 


Therefore, one can choose N\ and JVq in Lemma 12.31 as 


iVi = 


1 


2p + X 


N 0 = C(p) 


(7~l)^o 2 


i i' 2 

« P 2 


1_ 

P 2 


Note that 


5(0 = -TT^TT < ~Ni = for all C > 1, 


2 n T A 


2/r + A 


one can set £ = 1. Thus 


sup 

cr(T)<s<T 


| L oo < max <J ^P, 1} + iVo < \p + C{p) ( —— l ^ E{) 

P 2 


(3.73) 




provided 


(7 -1)^1 


< min 


P 5 


{e 3 ,(2C(p,M)y¥ p\(4C(p))~ 2 }. 


(3.74) 


The combination of (13.701) and (13.731) completes the proof of Lemma 13.91 


□ 


Proof of Theorem 11.11 With Lemma 13.91 and the higher norm estimates of the smooth 
solution (p,u) in [15] . Theorem 11.11 follows. 
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4 The proof of Theorem 1.2 

In this section, we will prove Theorem 1.2. Let 


4i(T) 
< 4 2 (T) 
4 3 (T) 


SUp <7 
0<t<T 


SUp (T 3 
0<t<T 



[ pH 

sup / -T 

0<t<T J R3 


(4.1) 


Throughout the rest of the paper, we denote generic constant by C depending on p, M 
and some other known constants but independent of p, A, 7 — l,p and t, and we write C(a) 
to emphasize that C may depend on a. For simplicity of presentation, we shall assume that 


(T-l + p)^ 


(4.2) 


where — <a<100, — < /3 < 12. It’s worth noting that the assumption (14.21) is not essential 
10 3 ____ 

for our paper. Without this assumption, Ei 2 -E 2 \ in the proof of Theorem 11.21 should be more 

complex. The following proposition plays a crucial role in this section. 


Proposition 4.1 Assume that the initial data satisfies \1.12\ ) and \1.13\) . 1 < 7 < 2. 

If the solution (p, u ) satisfies 


0<p<2p, 


4i (T) < 2 < 


7 - 1)36 + pe ) E ( 


■> 4 


1 

P 3 


2 (( 7 - 1)36 Ef 

MT) < — -t- L -, A 3 (a(T)) < 2 

P 3 


7 - 1)36 + p6 ) £) 


^0 


1 

fit 


(4.3) 


then 


0 <p<-p, 


4i (T) < 


(7-1)36 + p e j E { 

T 

p 3 


(7-1)36 + p 6 ) E 0 4 

A 2 (T) < A - T - L —, 4 3 (o-(r)) < 


1 

p 3 


7 - I ) 36 + pej E { 
T 

P 3 


(4.4) 


(x,t) € 


r , ( 7 - 1)3 %Ef p 1(7-1)36 + pel E* 

x [0,T], provided - - T -— < — and A - - - L -< £m Here 

Z C 


1 

/1 3 


1 

fl 3 


e = min (e 6 , (2C(p, M)) s 6 ^ 4 , ( 4 C(p)) 2 } , 


28 































and 


e 6 - min | (C(E 18 + E 19 + £ 20 )) , (c(Ei$ + E±g + E2i)^J ,£5!, 

£5 = min | ( C{E 15 E 17 + E 16 )) , £41 , 

£4 = min | (4C(p)) ,l|. 

Proof. Proposition 14.11 follows from Lemmas 14.2114. 81 below. 

Lemma 4.2 Let ( p,u ) Pe a smooth solution of hl.l\) - \l.l\) with 0 < p < 2 p, p > p + 1 and 
0 < 7 — 1 < 1. T/ien t/iere exists a positive constant C such that 

[ \ P ~p\ 3 < C*(p)(7 — 1)*Eq. (4.5) 

J R 3 

Proof. A straightforward calculation implies that 

G{p) = P r P{s) ~ P{ ^ ds = ^-[p<-~p 7 _ 7 pT-1( P _ p)]. 

J p s 7 1 

Next, we claim that 

.. ((7 -l)~*|p-p| 7 “\ Ip~pI > ( 7 - 1 ) 3 , 

G(p)>{ ! „ , (4.6) 

((7-1) ^\p-p\ 3 , \p~p\ < (7 -I) 3 - 

Case 1: |p — p| > (7— 1)3. 

Without loss of generality, we only consider the case of p — p > (7 — 1)3. Now we define 
/(p) = P 7 -P 7 -7P rr_1 (p-p) - (7- l)*(p- P) 7_1 , 

and note that 

/(p) = 0, f\p) = 7P 7 ” 1 - 7P 7 " 1 - (7 - l) 7 (p - P) 7 " 2 . 

Thus 


/(p) = /( 0 (p-p)> 

where £ = (1 — P)p + Pp (0 < P < 1). Then 

m = 1 C - 1 - 7P 7-1 - (7 -1)5 (e - p) 7 ' 2 

= 7(7 - i)(e - p) [(1 - «i)e + w 2 - (7 - 1)5 (£ - p ) 7-2 (0 < Pi < 1) 
= ( 7 - i)(i - p)(p - p) [ 7 ((i - oi)t + w 2 - (7 - i) ! (e - p) 7 " 3 ’ 

> (7 - 1)(1 - P)(p - p) [Cp 7 " 2 - ( 7(7 - 1 ) 1(7 -1) 2 ^ 

> (7 - 1)(1 - P)(p - p) [cp 7 " 2 - (7(7 - 1)^1 > 0, (1 < 7 < 2), 


(4.7) 
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when 7 - 1 < Cp 12 ^~ 2) < = rp This together with (14.71) implies the first inequality of 

(US]). 

Case 2: |p — p| < ( 7 — 1)3. 

Similar to Case 1, we only consider the case of 0 < p — p < (7 — 1)3. Now let 

g { p ) = p 7 -p 7 - 7 p 7 ~ 1 (p-p)- ( 7-1 )Hp~p) 3 , 


and note that 

g '(p) =7 p7-i_ 7 p7-i_3( 7 _ 1 )!( p _p)2 ; 

g"{p) = 7(7 -1 )p 1 ~ 2 - 6 ( 7-1 )f (p - p). 

Thus p(p) = </(p) = 0, so that 

g(p) = g"(C)(p~P) 2 , 

where ( = (1 — 62 )p + O 2 P (0 < O 2 < 1). Then 

g"(C) = 7(7 — i)C 7-2 ~ 6(7 — 1)^ (C — p) 

= 7(7 - 1) [(1 - #2 )p + 02P] 7-2 - 6(1 - 0 2 ) (7 - l)*(p - p) 
> (7-I) [Cp 7 “ 2 -C(7-1)^ 

> 0 , 


(4.8) 


when 7 — 1 < 77 . This together with (14.81) implies the second inequality of (|4.6I) . We thus 
obtain (14.61) . Combining (13.61) and (14.61) . we get 

[ \p-p\ 3 <C(p)[ |p-p 1 ' 1 '- 1 <C'(p)( 7 - 1)3 [ G(p) < C(p )( 7 — 1)^E 0 , 

IS 1 1 J R 3 

[ |p-p| 3 < ( 7 - 1 )* [ G(p) < (7- l)i Eo, 

J s 2 7 r3 

where 

|Ei = {xeM 3 : \p{x,t) -p| > (7- l)^} , 

|s 2 = {xeM 3 : |p(®,t)-p| <( 7 - 1 ) 3 }. 

Thus 

[ IP-P| 3 =/ \p~P\ 3 +[ \P ~ P\ 3 < C{p){^- 1)*E 0 . 

J R 3 J Si J S 2 

On the other hand, for 1 > 7 — 1 > 77 , it is clear that G(p) > C(p)(p — p) 2 . Then 
[ |p- p! 3 < C'(p) / |p-p| 2 < c(p)p _ i(7- 1)^0 < c(p)(7- i )* e 0 . 

Jr 3 7r3 

This completes the prove of the Lemma 14.21 
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(4.9) 


Lemma 4.3 Under the conditions of Proposition U~7[ we have 



1 25 

<7(7-1)13 S 36 S 12 
12 
[1 13 


| CpE 0 


provided 


(T 1) 36 Ef 
1 

H 3 



Proof. Multiplying (12.11) 9 by u and then integrating the resulting equality c 
using integration by parts, we have 

^4/ PM 2 + [ (HVu| 2 + (A + ^)|divu| 2 ) = f (P-P(p)) divu. 

4 at J K 3 J K 3 J R 3 

Now, we turn to estimate the term on the right-hand side of (14. 10(1 . 


/ (P-P(p))divu<||P-P(p)|| i 3||Vu|| 3 

J R3 

<||P-P(p)|| i 3||u||| 2 ||Vu||2 2 

<2||F-P(3|||,||„||| a + ^||Vu||! a 

<2 (7 ^i)i E | M |l l + ^||v, 1 ||2 2 . 

Since 






+ So 


<C'( 7 -l)As|( Ai -^|u||| 2 +^||V«||| 2 ) + So 
<7(7-l)xsS| 2 


< 


i 

M 2 


Ml £2 + <7(7 — 1) 12 Sg 3 /i2 || Vu|| L 2 + So 


< f ll^lli^ + C (7 - 1 )-S 0 V 2 ||Vu|| 2 2 + So, 


provided 


( 7 - 1)36S q 4 < p (7 - 1) 18 Sg 12 


h 3 


2(7’ 


< 1. Then 


pe 


i 


2 <7(7-l) 1 2S 0 3 /r2||V'u||2 2 <7S 0 


u < 


+ 


1 5 , 


<C( 7 -l)T8S 0 12 M 6||Vu||i 2 + 


12 , <7^ 3 Sq 


(7-1)3 


M 3 , and 
(4.10) 


(4.11) 


(4.12) 

(4.13) 
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Combining (14.111) and (|4.13|) . then using Young inequality, we get 

[ (P-P(p))divu< —( 7 - 1 ) 5 -e| ( ( 7 - 1 )hb®/ xA||Vu|| 

J R 3 P \ 


k + ^£) + S' v “G> 


(7- 1 ) 


< 


< 


13 
fl 18 


'l|Vu ||| 2 + 


(7 — 1 ) 108 -E/q 6 ^ 




+ ^I|VHI 1 2 


C(7 - 1)36£ 0 24 C(7 - 1) 108 £/Q 6 /X 


19 
P 12 


+ 




+ £liv«||£ 2 . 


(4.14) 


Substituting (14.141) into f)4.10|> and integrating the resulting inequality over [0, <r(T)], we get 

1 r _ 


0 <t<a(T) 


< 


p\u\ 2 + f f (^-\'Vu\ 2 + (A + /x)|di 
Jo Jr 3 V2 

If {po -p)\u 0 \ 2 + \ [ p\u 0 1 

4 Jr 3 4 y K 3 


2 , C( 7 -l)^o 24 , C( 7 -l)w ^ 6 

I iq 4“ 


19 
/X 12 




< C||po — pIIl 3 ||^o|Il 3 + CpHuoll + 


2 C(j — 1) 36 Eq A (7(7—1)108^ 


19 
P 12 


+ 




< c (7 - D^t + c«, + + 


19 
fJj 12 


8 

f-L 9 


< C(7 - 1)15 E™ ( 7 _ 1)156^ + 


7 1 


, ( 7 -i) 36 13 K , ( 7 - 1 ) 


11 1 
I 108 13 


19 
P 12 


+ 


8 

P 9 


Claim: 


/•o-(T) r 

Jo J M 


|Vu | 2 < g(7-D”g» 6 E i 2 + CpEo 


12 
/J 13 


P 


where 


/ \ OtJ 

„ 1 (7 — 1) 1404 

-®12 = 14-1-113- 

p p 117 


In fact, (14.151) implies 


+ Cp£)o.(4.15) 


(4.16) 


(4.17) 


yo-(T) r 

Jo Js." 


|V«| : 


< 


C(7-l)73ff 0 36 ( ^ _ i)ih _ E f 6 + (7-1)36^ 13 E™ + ( 7 -1)^8 13 ] + C'p-Ko 


p 


19 
P 12 


/XE 


P 


7 1 


C (7 — I)i3-E 0 36 / ( 7 - 1)T56E 0 36 ( (7 - 1)36-13^2 | (7 - 1) IBS" 13 ^ 

I To - i I 


12 
P 13 


P 13 


19 1 J_ 

p 12 m 3 


8 + J_ 
/X 9^13 


P 
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C(7- l)^E 36 


12 
(A 13 


(7 - W 


4x156 \ 156 


v 468 
1 x 468 \ 55 




12 


+ 


(7 — 1 )Eq 2 " 65 

103 v 468 
H 156 A 55 


1 

M 


, (7-1) ^ 13 ] , C>£o 

1 s . 1 r T 


8 ,J_ 

/X9^13 




1 — 

/ C( 7 - 1 ) 13 ^ 36^2 | Cp£b 

^ 1 *■» I 


12 
/ 113 


M 


where (14.21) has been used. 

Lemma 4.4 Under the conditions of Proposition \fJl\ we have 

(7 (7 - 1 + P{p)) E 0 


A 


1 (T) < sup | adivu(P — P(p)) 

0 <t<T [ h J R 3 


+ 




+- [ [ f j|P-P(p)||Vu | 2 + 

U Jo Jr 3 


2 , C(2/^ + A) 


M Jo 


cr||Vu|| 


L 3 


and 


A 2 (T) < CA 1 (a(T)) + C ( -i + [ T [ AP ~ P{P)\ A 


h 2 h 2 ) Jo Jr 3 


+c| 7 + 


1 , (7-1 ) 2 , (2/t + A) 




+ 




[ T [ ^ 3 |Vu| 
Jo Jr 3 


(4.18) 


□ 


(4.19) 


‘ + ^*. (4.20) 

u 2 


Proof. The proof of Lemma f4.4l is similar to Lemma [3.41 we just need to deal with the first 
terms in (|3.12j) and (13.181) again. Here J\ and J 2 denote I\ and II\ in Lemma lT4l respectively. 
Integrating by parts gives 


/ 


Ji = - a m u ■ VP 


and 


= / (T m divu t (P - P(p)) + / er m div(tt • Vu)(P — P(p)) 

J R3 JR3 

= 4- ( [ er m divu(P - P{p))] - ma” 1 " V [ a m dwu(P - P(p)) 
dt \Jr 3 / Jr 3 

+ [ cr m f (7 — l)P(divu ) 2 + (P — P(p))diU : ’djU 1 + P(p)(dmt)' 

JR3 V 


■h = ~ [ I <? m u j [djPt + di v(djPu)] 

Jo Jr 3 

= [ T [ a m djU j Pt+ [ T [ (T m d k u j {d j Pu k ) 
Jo Jr 3 jo Jr 3 


(4.21) 


= (1 — 7 ) f f a m dwudivu(P — P(p)) — 7 P(p) [ [ cr m divudivM 

Jo J R 3 Jo Jr 3 
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< 


P 


n 

IQ J R 3 
r T 


a m d k u j d jU k (P - P(p)) 


f a m \\7u \ 2 
Jr 3 


+ C - + 


1 ( 7 _1)2X i-T 


0 JR 3 V/ 2 P 

2 \ r T 


+c I - + ^ 


/o Jr 3 

\2 pT 


a m \P-P(p)[ 


,P A 4 
Then, from (13.171) and (13.221) . we have 

sup (VllVulli* + 

0<t<T V 4 2 


) / / (J m |Va| 4 + ^^ / / ^iVw) 2 . (4.22) 

/ Jo Jr 3 A 4 Jo Jr 3 


a-Hdivnlll^ + [ [ a m p\ 

J Jo Jr 3 




< 


sup If a m dWu(P - P(p))\ - [ [ m<7 m_1 divu(P - P(p)) 

Q<t<T l Jr3 J Jo Jr 3 

+C [ [ <T m Y( 7 -l)P(divu) 2 + (P-P(p))|Vu| 2 + P(p)(divu) 

Jo JR3 V 

+C(2/r + A) [ T a m [ |Vu| 3 
Jo Jr 3 


and 


(4.23) 


(j 


f p\u \ 2 + p [ [ a m \Vu \ 2 + (a 4 + A) [ [ cr m |divtt| 

JR3 Jo JR3 Jo Jr 3 


< 


c[ a m ~ l a' [ p\u\ 2 + c(- + 

Jo Jr 3 V A 4 


1 , ( 7 - 1) 5 


+c( I + (l zll + !&±x? 

p 


+ 


p A 4 
CP{p ) 2 rT 


P 

r 

i o Jr 3 


a m \P-P(p )\ 4 


f a m \S7u \ 4 
Jr 3 


P 


I f CT m |Vu | 5 

Jo Jr 3 


Choosing m = 1 in (|4.23[) and m = 3 in (14.241) , one gets (14.191) and ([4.201) . 
Lemma 4.5 Under the conditions of Proposition U~T\ it holds that 

r r<y(T) , p |^|2 


sup / |Vu| 2 + 

0<t<cr(T) JR 3 


'0 JR 3 P 
r(T) 


< ^13, 


sup cr 


provided 


Q<t<a(T) JR 3 P 


7-1)36 +pej £ 4 

T 

p 3 


r P \u\ 2 f r 

/ - L + / / o'|Vr 4 | 

Jr 3 P Jo Jr 3 


< Pl4j 


< min 


-6 


, 1 = £4, 


(4.24) 

□ 


(4.25) 

(4.26) 
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where 


E 13 = C(p) + C(M + l) + C ( i+ 7 + P(p) ) (E 12 + 1), 


(4.27) 


Eu = E 13 + C(p ) (1 + (7 - l) 2 ) + C (- + + (2M + A)2 ) 

' \p p p J p A 

+ Cp 27 " 1 . (4.28) 


+ C* —^ + 


1 , (7-l) 2 , (2/i + AH ^'3 


3 

h 2 


,1-t M M 

Proof. By an argument similar to the proof of Lemma 13.51 one can derive from (13.2511 that 
^ (j}\\Vu\\ 2 L 2 + ^y^||divu||| a - J^divu(P - P(p))^J + j^p\u \ 2 

= pu{u • Vrt) — di vuPt 


■ |2 


< C'(p) / p|« 


+(7 — 1 ) / P|divit | 2 + P(/5) / |divu| 


/o|rt | 3 ) ||Vu || L 6 + / divudiv((P — P(jj))u) 


<C(p)[ / p|u | 2 M|Kr)) + C(pM|(a(T))(7-l)t2£; 0 3 


+ 


c 


2p + \ 

1, 


1> + II p - P(p)lll.) + (2 u + L ll p - p ®llhliv»lli 2 


(2p + A) 2 


+ Z \\Vpii\\h + C(p){l - l)l|V«||i 2 + P(p)\\Vu\\i 2 . 
Integrating (]4.29|) over (0, <r(T)) and using (14.1411 give that 


fll + 


||divu|||a - f divu(P - P(p)) + I f 
Jr 3 2 Jo 


1 MT) 




■I 2 


<C'(p)^|(a(T))(7-l)- J B| + 


C 


t(T) 


(2 P + A) Jo 


i p - p ®iih 


+c 1 + V + 1)2° + h " :) + p{iS) 


r(T) 


(4.29) 


||Vu||| 2 + Cp(M + 1). 


provided 


7-1)36 +pe J E o 4 

T 

p 3 


< (4C'(p)) 


6 


Then, using Lemma 13.21 Lemma 14.21 and (14.3p . we have 





















< 


C(p)( 7 -1)-E| 


P 


/^ 7 _i) 36 + /36 ')£; 0 4 ^ C ( 7 _ 1 ) 3 ^ 


V 


P 3 


c 

H— 


P z 

a (T) 


n I ( 27 Ta) + %» + $ + (7 “ 11 + p ® I J„ 11 v “ & + C(M +11 


< 


^(7-1)^^ , g( 7 ~ l^Eb 


P 


+ 


P" 

i 


+ C(M + 1) 


2 25 

+ Y + ( r 1)t 5 + (7 - 1 ) + PW) ( 0- 1 >* l fS , *> + « Y (4.30) 


/x V (2/x + A) (2/x + A) 2 
Using (14.21) . we get 

g(p)(7-l)^4 , g( 7 -l)^o 


12 

/X13 


P / 


P 


+ 


P^ 


+ C(M + 1) 


+— 


Cl 1 ^ (7 -!)*£<? 


+ 


/x 1 2/x -)- A (2/x ~Y A) 


+ ( 7 -l) + P(p) 


(7 - i)i 3^ 0 36 £; 12 p £; 0 


12 
/X 13 


+ 


P 


= C( ? ) ( 11 + C ( (7 ! )£ ° i 1 + C(M + 1) 


+c 


/x 12 J \ fi 8 J 
1 , /( 7 -l)£ r 4 ^ 


+ 


2/x + A V(2p + A) 12 


+ ( 7 -l) + P(p) 



(7-1 )E 0 


325 \ 13 
36 


P 


12 


e 12 + 1 


— C(p) + C(M + 1) + C Y (—+7 + P(p) ) (-E /12 + 1) — ^ 13 . 


(4.31) 


Next taking m = 1 in (14.241) . we have 

r(T) 


r(T) 


(7 


/9|xx| 2 + /x [ [ cr|Vn| 2 + (/x + A) / / cr|divxx| 

Jo Je 3 Jo Je 3 


< 


l-cr(T) p 

/ / d 

Jo Jr 3 


■ i 2 /l (7 — 1)" 

xx| 2 + ( - + —-- 

P P 


JT) 


0 Jr 3 


<7|P-P(p)r 


+C( i + ilZ 1 ) 2 , ( 2 ^ + A H r (T) f „,V7„.,4 , C-P(p) 


+ 


/X /X 


P 


2 rcr(T) r 

(j|Vxx| 4 4-/ / (j|Vxx|" 

0 Ye 3 P Jo Jr 3 


< 


r f p |»| 2 + C(p)(i + Y_J)i) ||F-FO)|||,+ 
Jo Je 3 VP P / 


C'P(p) 


2 rcr(T) 


P Jo 


f cr|V?x|" 

Je 3 


+C - + 


1 (7-I) 2 (2/x + A) 2 A 


+ 


p p 


p 


J J o ^l|Vxx|| L 2 ||Vxx||| 6 


E K <- 


(4.32) 


2=1 
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In fact, we just need to deal with K 3 . Using (12.121) and Cauchy inequality, we get 


K 3 = C - + 


1 , ( 7 -l ) 2 , (2/x + A) 2 \ 


+ 






J j allVull^UVullle 


^ .1 , (7-l ) 2 , (2/i + A) 2 \ C 




, ,1 | (7-1 ) 2 , (2/x + A ) 2 


M / (2^ + A) 3 0<t<a(T) 

C 


nub 


IX n 


fX J (2 (l + A ) 3 0<t<cr(T) 


sup ||Vu || L 2 / 
t<rr(T) JO 

ra(T) 

sup ||Vu || L 2 / o-||P-P(p)|| 3 6 

t.<a(T) JO 


< ,1 , (7-l) 2 t (2/i + A) 2 ^ CP) 




M / (2^ + A ) 3 0<t<a(T) 


r°{ T ) 

sup (jt|| v ^'u || L 2 / ||\/pm |||2 


+ - + 


1 , ( 7 -l ) 2 ( 2 /x + A ) 2 A CE, 


M A 4 


H J ( 2 /z + A ) 3 


/ a||P-P(p )||| 6 

J 0 

1 „ __ Il2 /I (7-I) 2 (2/x + A) 2 A 2 CP 

<- sup a||Vp< 2 + - + ^-- + —-U —— 

4 0<t<a(T) P J 1 J (2(1 + 


P<t(T) 


( 2 /x + A ) 6 W 0 




, .'1 ! (7-1 ) 2 , (2/x + A) 2N \ CEg (7 — ljs-Eg 


A 4 A 4 




(2 11 + A ) 3 


/l „ /— - m2 , , (7-1) 2 , (2// + A) 2 V CP 9 V 

<- sup <?\\yfpu\\ L2 + [ - + - + - » 

4 0<t<a(T) \l l A 4 A 4 / (2/x + A) fc 


, '1 ! (7-1 ) 2 , (2/x + A)^ CEg (7 — ljspQ 


K H H n ) (2fi + A ) 3 

Substituting (14.331) into (|4.32l) . and using (|4.3UI) . we have 


(4.33) 


SUp (7 


PH 


0 <t<cr(T) JR 3 A 4 


r a (T) r 

+ / / 0-IVAI- 

40 4r3 


< + CM) ( 7 + hzili) (7 _ Di Eo + (I + (!Z«! + < 2 " + A) 7 2 C& 


(l fl 




(2fi + A ) 6 


+ t ~2 + 


1 , ( 7 -I ) 2 , (2 M + A) 2 A CE*( 7 -l)iE* , CP(p) 2 P 0 


//- A 4 


+ 


/7 


(2/i + A ) 3 


+ 






+ ( “2 + 


1 , ( 7 -I ) 2 , ( 2 li + X) 2 \ CEl ((l-l)E!Y +c]?r 


+ 


1 4 “ A 4 


A 4 


3 

A 42 


A 4 


12 


ip£o 




<Pi3 + C(p)(l + ( 7 -l) 2 )+cQ + 


1 , (7-l) 2 , (2/x + A) 2 yP 3 

A 4 A 4 / P 5 
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+C | 4 + V )2 N 1 ^ + O .= Ell, 

K fi Z p Z /i Z 


3 

I 1 ' 2 


(4.34) 


where (14.21) has been used. 

Next, we will close the a priori assumption on A^(o(T)). 


□ 


Lemma 4.6 Under the conditions of Proposition \4-l\ it holds that 


M*(T )) < 


7 - 1)36 + pej E { 

7 

h 3 


(4.35) 


provided 


7 - 1)36 + p& ) E { 

7 

M 3 


< min <( (C(E 15 E 17 + Pi 6 )) 4 , £4 = £5 


(4.36) 


Proof. Multiplying (12.11) 9 by 3\u\u and integrating the resulting equation over JR 3 , using 
Lemma 12.11 Lemma 12.21 and Holder inequality, we obtain 



<Cp [ \u\\Vu\ 2 + c[ \P - P{p)\\u\\Vu\ 

J k 3 Jr 3 

<C'/x||«|| L 6||Vu|| L 2||V W || L 3+C'||P-P(p)|| L 3||u|| L 6||V«|| L 2 

< C'/x^||Vu||| 2 [\\sfpu\\\ 2 + \\P - P(p)||| 6 ) + C\\P - P(p)||l3||Vu||^2. (4.37) 


Integrating (|4.37p over (0, <r(T)) and using Holder inequality, one gets 

p\u\ 3 

r(T) 


sup 

0 <t<cr(T) ■ 


< 


! r°{ T ) 5 1 ! r°{T) 5 1 

Cp 2 / \\Vu\\l 2 \\^pu\\l 2 +Cp-2 / ||Vu||f 2 ||P-P(p)||| 6 

JO JO 

r °{ T ) n r 

+C ||P-P(p)|| L 3||Vu||| 2 + sup / po|u 0 | 3 

JO 0 <t<a(T) JR 3 


< Cp; 


ra(T) 


||Vu|| 


L 2 


r *(T) 


WVp 


-112 


r a(T) 


<u 


L 2 


l|Vn|| 


l 2 


1 1 1 r a ( T ) 

+Cp 2 sup ||P — P(p)\\le sup ||Vit||£ 2 / 

0 <t<rr(T) 0 <t<rr(T) JO 


II Vn|| 2 


L 2 


+C sup \\P-P(p)\\ L 3 
0 <t<a{T) 


r*(T) 


\\Vu\\ 2 L 2+ [ \po-p\\u 0 \ 3 + [ p\u 0 [ 

JR 3 JR 3 
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( r (T) \ 4 / r {T) \ 4 

<Cp sup ||Vn|| i2 / ||V< 2 / \Wpu\\lA 

o <t<cr{T) WO / WO / 


l I I / , °'( T ) 

sup \\p - P(p )\\ 2 L 6 sup \\Vu \\ 2 l2 / \\Vuf L2 
o <t<a{T) o <t<o(T) Jo 

r (T) 

+C sup \\P-P(p )\\ L3 ||Vu||| 2 +C'||po-pIU3||uo|| L 6||uo||| 4 

0<t<a(T) JO 

+C p\\uo \\ 3 L 3 ■ 

By Lemma 13.21 Lemma 14.21 Lemma 14.31 and Lemma 14.51 we obtain 

p\u\ 3 


sup 


/ 

J 


o <t<ar(T) Jr 3 P 

c 




3 

a(T) 

l|Vu||| 2 



, ^ 3 ( 7 - 1 ) 48 ^^ _ (7 — l)viE^ Efi 
I ' I 1 " l " ,, 1 

P 4 p 2 p 4 P p 4 


(4.38) 


+-|||P0 - P\\lA\^M%\\u41 2 + §||. 0 ||I 2 ||Vuo||l 2 


P° 


p J 


< c 


(7- 1)T3E 0 36 L; 12 pE 0 \ r , (7(7-1)12E 0 12 MI C?B 0 4 M4 
H-I 4^15 H- 5 -1- 5 - 


12 
P 13 


P 


P 


P 


< c 


(7 - 1)i3^ 0 36 L; 12 + pEo\ Ei5 + c [ (7- l) 36 ^ 1 + P*E I 4 


0 


12 
P 43 


p 


1 

p 3 


M 3 


E\o 


< c 


(7 — 1) 36 Lip , P 6E 0 4 

1 I 1 


p 3 


M 3 


(-EU5-E17 + Lire) 


< C 


(7- 1)36 £ 4 + p6^ Q 4 


P 3 


M 3 


(4.39) 


provided 


(7 — 1) 36 -E )) 4 , P 6 ^, 4 


+ 1 < (C(E 15 E 17 + E 16 )) 4 , where 
P 3 


^ 3 


3 

E? 

9 

M 4 


£-15 — —ir H-ir 4- 9-5 Eiq — — 5 - + M 4 , Ei 7 — ( E\2 + 


E? 

5 

P 2 


1 


Mi 


9 

P 4 


£1 


P \ 

In what follows, we give the details of the calculations of E\^-En. (14.21) gives 


(4.40) 


„ 1 l E l 3 , ^ 3(7 - 1 )«^ 0 12 £o 3 , (7 - 1)^<? ^o 3 

15 /^ 2 l pi p ' 2 P * ^ ^ 


39 






















and 


1 (^3 | El / ( 7 - l)El & \ 
p 2 l h uh V p 12 ) 


1 

H—r 
P 4 


(7- l)^o \ 12 


P 


12 



- :Els _i_ Eh 4. J_ 

9 “T" 5 T - 9 5 

/14 ^2 p 4 

19 s 7 _9_ 3 

^ (7 — 1 )Eq 8 Mi , p8i? 0 «M4 

Pl6 = -n-r 


n 

P 4 


n_ 

P 4 



A?4 3 

— 5 - + M 4 

P 


I -£2 

c | ( 7 -l)W^i2 + pE_o 
11.13 P 


= (7 


= C 


< C 


= c 


(7 - 1 ) 36 Eg (7 - 1 ) 468 Eg E \2 


1 

P 3 


( 7 - 1)36 Eg 


23 
/Jj 39 


( 7 - l)£ 0 9 


4 468 

9 23 


1 

P 3 


P 


12 




3 

„l\ 3 

P 3 


P 


(4.41) 


(4.42) 


(4.43) 


□ 


Lemma 4.7 Under the conditions of Proposition \f~l\ iZ holds that 

. .(7-1)® + P^) #<j 

Ai(T) < 


P 3 


(4.44) 


A 2 (T) < 


(7-1)36 +p ej £ 4 

T 

H 3 


(4.45) 
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provided 


7 - 1)36 + pe ) E t 




< £6; 


where 


e% = min | (c(Eig + Eig + P 20 )) , (c (E\s + E\g + £ 21 )^ , £5 j 

and E 1 S-E 21 are given by (|4.62l) . (14.641) . (14.661) and (14.741) respectively. 

Proof. First, we will prove (14.451) . Recalling (I4.20p . we have 

a 3 \P-P(p)\ 4 
[ <t 3 |V«| 

J R3 


A 2 (T) < CA\(a(T)) + C ( 4 + (7 2 1)2 






+ c|i + h7a! + »i±2)! 

ji 2 /x 2 /r 2 


/O JlR 3 
rT 


(4,40) 


Z^ 


Now, we turn to estimate the term / / n 3 |Vu| 4 . Due to (12.111) . 

Jo 7 k 3 

[ T [ n 3 |Vu| 4 
4o JlR 3 

- c {wTW + ie) l + 

3 

[ n 3 ||P-P(/i)||l4 = ^D i . 

^0 4=1 


iiVP«nii 2 ||p-p(p)iii3 


(2/i + A) 4 

By using Holder inequality, Young inequality and (14.31) . L\ can be estimated as follows, 


(4.47) 


Li =C 


1 


1 

H —n 


(2 h + ^) 2 Z 2 / Jo 


<7 


iivu|| 2 L3 |iv^i 


I L 2 


< c 

~ V (2/ 

C ' ' T 


_L_ + J_)^ <7 3 ||Vk||£ 1 ||Vu||J 4 ||,/?u|||| 1 


< - 2 \J ^uf L . 


°' 3 ||Vu|| i 2|| v ^'u||| 3 2 


1 


c 


<7 ^l|V<4 + -3 / n 3 ||Vu|| L2 ||Vpn||li 2 


Jo 


< 


1 ^7 pT 

7 / fT 3 ||Vn ||| 4 + -3 sup (a^\\Vu\\ L 2) sup (<T*\\y/pu\\iA / cr||^u 

4 Jo Z 2 0<t<T v 2 0<t<T v 2 Jo 


'n||| 2 




[ T a 3 ||Vn|| 4 4 + ^4(T)4(T). 

0 Z 2 


(4.48) 
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It follows from Lemma 14.21 and (14.311 that 


£ (^Ta?„St (i|p “ p ® llW f 

< g(7-l)^|^i( r ) 

(2/x + A) 4 


(4.49) 


Following a process similar to (16] , we focus on estimating the term 
One deduces from (12.11) i that P — P(p) satisfies 



P-P(Mh- 


(P - P{p))t + u ■ V(P - P{p)) + 7 (P - P(p))div u + 7 P(p)divu = 0. 


(4.50) 


Multiplying (14.501) by 3cr 3 (P — P(p)) 2 and integrating the resulting equality over M 3 x [0, T], 
using divu = -——- (G + P — P(p )), we get 


2// + A 


3y-l 
2// + A 


[ T [ cr 3 \P-P{p)[ 

Jo Jr 3 


= [ a 3 (P-P(p )) 3 -^—^ [ [ a 3 (P-P(p)fG + 3 T j a 2 (P - P(p)) 
Jr 3 2/r + A J 0 Jr 3 Jo Jr 3 

-3 7 P(p) [ [ a 3 (P - P(p)) 2 dwu 

Jo Jr 3 

< C sup (||P - P(p)||l 3 ) + C [ a 2 (P - P(p )) 3 + C ^ 37 ~ 1) [ T f cr 3 |G| 4 

o<t<T Jo Jr 3 2/i + a Jo Jr 3 


+ 


37-1 

2(2// +A) 


/7+p-p(?)t + cp( f 2 r A) /7Pw 

Jo JR 3 37-1 J 0 Jr3 


< C (7 — 1)4^0 + 


C 


2// + A 


[ T [ ^ 3 |G| 
Jo 4 r 3 


4 _|_ 37-1 


2(2// +A) 


[ T [ cr 3 \P-P{p){ 

Jo Jr 3 


+ 


C(2// + A)P 2 G5)P 0 
t* 


(4.51) 


It follows from (12.91) that 

C( 7 -l)ip 0 , C 

L 3 = - TT5-T 


+ 


(2// + A) 3 (2// + A) 2 

c r T 


(2// + A) 4 J o 


a 


^\Wp^\\ 2 l^ u \\ 2 l 3 

2 , CP(p) 2 E 0 

(2 p + A) 2 // 

•T 


\\Vpu\\U\p-p(p)\\i 3 + 


- C (^ + V° + U a3||Vu|li ‘ + 1 
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+ 


1 


(2/x + A)4 0 <r| T 


sup (||P-P(p)||| 3 ) [ (t 3 \\Vp' 
<t<T Jo 


2 , CP(p) 2 P 0 


,?7 IIl 2 + 


(2// + A) 2 // 


< 


C(7-1)*£o 1 f T 

(2/i + A) 3 4 ,/ 0 


u 3 HVk||^ 4+ * 4 sup (IIP-Prills) [ <7 3 ||v^u|l£ a 

(A/i + A) o <t<T Jo 


+ 


(2/i + A) 3 0 <r<T 


l /T 

sup (era ||Vn|| L 2 ) sup (crallv'p^IlL 2 ) / o’llv/P^lll 2 + 
<t<T v 7 0<t<T v 7 JO 


CP(p) 2 Eq 
(2/i + A ) 2 /i 


C(7~ 1)4P 0 1 

- (2/i + A) 3 + 4, 


u 3 nvur L4 + 


4 , (7 -l^oMiCT) , A1(T)A*(T) 


(2/i + A) 4 


+ 


(2/i + A) 3 


+ 


CP(p) 2 E 0 


(2/i + A) 2 /i 

Substituting (I4.48D - (I4.52D into (14.471) shows that 
rT 

/o Jr 3 


n ^ 3 ivur 

Jo Jr 3 


(4.52) 


^C( 7 -1)4Po . CAf(T)Af(T) C( 7 - . CP(p) 2 P 0 

_ Q I” Q I I I Q 


Z 7 


Z 7 " 


Z 7 


/i° 


And also we get 

rT 


If 

Jo Jk 3 


u 3 |P - P(p)| 4 < C/i( 7 - 1)*Po + C/iA?(T)A|(T) 

+C( 7 - l)^p| A 1 (T i ) + C^±^P 2 (p)P 0 . 


Z 7 

Next, we turn to estimate Ai(<r(T)). (I4.19P shows that 

^MD) < i f „ - pm) + C(7 ~ 1)E ° + 

Z 7 Jr 3 


+ 


C(2/i + A) r( T) 


Z 7 

(7 /‘ cr (' r ) r 

^UVullls + - / / u|P-P(p)||Vu| 2 . (4.55) 

Z 7 Jo Jr 3 


Z 7 


(4.53) 


(4.54) 


Z 7 


Based on Lemma [2. 2 1 Lemma [4.51 and (14.31) . the last two terms in the right hand side of (14.551) 
can be estimated as follows: 


c(2/i + A) r (T) 


< C 


Z 7 

ra(T) 


tf||Vu|| 


L 3 


'0 


a\\Vu\\l 2 \\Vu\\l 6 


< 3 


C r (T) 


fj 2 JO 


L 


77 l|Vii||| 2 (||Vph||L 2 + l|P-P(p)Le||)^ 


c 


/i 2 0<t<cr(T) 


<— sup I u4||Vii||| 2 I sup ||Vu||’ a 


0<i<o-(T) 


rff (T) 


(j||^ii| 


rff (T) 


L 2 


||Vu|| 


L 2 
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+HT SU P ( \\ p ~ P(p)\\l* 

/i 2 0<^<cr(T^) 


r a(T) 


l|V«|| 


L 2 


< 


CA\(T)E 


r(T) 


3 

V 2 


IIV< 2 + 


c<a- i)t-6eI 

3 

M 2 


r(T) 


l|V«|| 


i 2 


(4.56) 


and 


c r (T) r 
V Jo o / r s 


a\P — P(p)\\Vuf < 


,C(p) rAE 




r [ ivup 

Jo Jr 3 


(4.57) 


Substituting (I4.56I1 - (I4.57D into (j4.55|> . one has 
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Ai(a(T)) < sup < - / crdivu(P - P{p)) > + 

0 <t<a(T) l M 4R 3 


C( 7 - 1)Eq_ + CP(p)E 0 


t l 


+ 


CAi(T)E* 3 ( f a{T) 


3 

fl2 


rayi ) 

Jo I|VU|1 
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h 
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3 

/i 2 


||Vu|| 


'0 
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+ 


C'(p) 

h 


/■o-(T) r 

/ / |V«| 2 . 

Jo JR 3 


(4.58) 


It follows from d4.14D that 

3 , ^ . C-(7-l)^ , C( 7 -l)^« , C( 7 -l)i?o , CP(p)77 0 
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fJj 12 
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3 
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17 
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+ 


C^p) 
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I 1 Jo 

Collecting (14. 9|) . (14.461) . (I4.52D . (14.5311 and d4.59D implies that 


(4.59) 
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Next we focus on dealing with N\-Nq. In fact, (14.21) leads to 


Ail + N 2 < C 



(7 — l)l83 &Eq 12 
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fA 4 113 
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Ai 3 + Ai 4 < C 
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where 


£ 19 =4+ 1 +4+4. 

/U.4 M H 2 f_l 3 
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It thus follows (14.611) . (14.631) and (14.651) that 


A 2 (T) < C 


18 

( 7 - 1 ) m £ 0 4 , P* E o 
' 1 


1 

P 3 


{ E 18 + E 19 + E 20 ) 
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Finally, to finish the proof of Lenirna l4.7l it remains to prove (14.441) . With (14.191) and (|4.58D 

2/7 + A f T . C rT r 


at hand, we just have to estimate the terms 
P(p)\\Vu\ 2 . By Holder inequality, we have 
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It follows from Lemma l4~3l (14.511) . (14.531) . Lemma 14.41 (14.681) and (14.691) that 
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Following a process similar to N1-N7, one gets N 8 -Ni 2 as follows: 
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< c 


( 7 - 1 ) 36 E* | peE* X 2 
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(4.74) 


j (7-l) 36 ^o / P 
and we have used - T -— < 

_ pi _ 

Substituting ( 14.71 D . (14.721) and (14.731) into (14.701) . we obtain 


A\(T) < C 


(7-1)36 E* _ p6.E ( 

I ' 1 

fJj 3 /i3 


(-El8 + #19 + £'21) 


< 


(7- 1)36-Eq 4 + peEfi 


1 

P 3 


[ii 


(4.75) 


provided 


(7 - 1) 36 E$_ + 


1 

//3 


/IE 


< (C (Ei g + -E 19 + -E 21 


Now we are in a position to close the a priori assumption on p. 
Lemma 4.8 Under the conditions of Proposition [J~l\ it holds that 
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sup | 
0 <t<T 


I L°° < 
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(4.76) 


for any (x,t) € M 3 x [0, T], provided 


7 - 1)36 + pej E { 
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p 3 


<e = min|e 6j (2 C(p,M)) s®/! 4 , (4 C(p)) 2 J . 


Proof. In fact, the proof is similar to the one in Lemma 13.91 then we just list some differ¬ 
ences. Here we rewrite (13.691) as follows: 
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Therefore, for t € [0,cr(T)], one can choose _/Vp and N± in Lemma 12.31 as follows: 
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Thus 
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On the other hand, for t € [<x(T),T], we can rewrite (13.721) as follows: 
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The combination of (I4.78|) and (14.811) completes the proof of Lemma 14.8 


□ 


Now, the proof of Proposition 14.11 is completed. Next, following a process similar to that 
in the proof of Theorem 11.11 we can prove that the results obtained in Proposition 14.11 still 
hold in the case of 7 > 2 . At last, we will derive the time-dependent higher norm estimates 
of the smooth solution ( p,u ). In fact, the proofs are the same as the ones in [16]. For the 
convenience, we omit them here. 
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